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Abstract. We presentthe designandimplementationof a Minesweepergame,
augmentedwith a digital assistant.The assistantusescontraintprogramming
techniquestohelptheplayer, andis abletoplaythegameby itself. It predictssafe
moves,andgivesprobabilisticinformationwhensafemovescannotbefound.

1 Intr oduction

TheMinesweepergamehasbeenpopularfor severalyearsnow. Part of its popularity
mightcomefrom its simplicity. A boardrepresentsamine�eld, with mineshiddenun-
derthesquares.Thegameconsistsin �nding themineswithoutmakingthemexplode.
You getnew hintseachtime you uncover a non-minedsquare.Though,thesimplicity
doesnot make the gameeasy. The Minesweeperproblemis hard: it hasbeenproven
NP-completeby RichardKaye[1]. Sosimpletechniquesarenotenoughto solve it.

In this paperwe show how the problemof �nding safemoves can be modeled
as a ConstraintSatisfaction Problem(CSP).Techniquesfrom the �eld of constraint
programmingcanbeusedto programa digital assistantfor a player. We appliedthem
in a realapplication,theOz Minesweeper. This relatively smallprogramdemonstrates
thepowerof theprogramminglanguageOz.

Paper organization. Section2 recallsthe rulesof the game,andproposesa simple
mathematicalmodel for it. Section3 investigateshow constraintprogrammingtech-
niquescanbe appliedin order to solve the problemwith reasonableef�ciency. Sec-
tion 4 thengivesanoverview of theimplementationof theOzMinesweeper. Section5
evaluatesandquickly comparesourwork to othersimilarproducts.

2 The Gameasa Constraint SatisfactionProblem

Let us recall the rulesof the game.A mine �eld is given to the playerasa rectangu-
lar board.Eachsquareon theboardmayhideat mostonemine.The total numberof
minesis known by the player. A move consistsin uncoveringa square.If the square
holds a mine, the mine explodesand the gameis over. Otherwise,a numberin the
squareindicateshow many minesareheld in the surroundingsquares,which arethe
adjacentsquaresin theeightdirectionsnorth,north-east,east,south-east,south,south-
west,west,andnorth-west.Thegoalof thegameis to uncover all thesquaresthatdo
notholda mine.
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Fig.1. An exampleof aboardwith 20mines.

An exampleof aboardis givenin Fig.1.Thisboardcontains20mines.Eachsquare
is identi�ed by its coordinates

�

row� column� . Thesquares(1,1),(1,2),(1,3),(1,4),(2,1),
(2,2),(2,3),(2,4),(3,4),and(4,4)have alreadybeenplayed,andhave no minein their
respective surroundingsquares.The squares(1,5), (3,1), (3,2), (3,3), (4,3), and(4,5)
havebeenplayed,too,andaresurroundedby oneminedsquareeach.Thesquare(2,5),
(3,5),(5,4),and(5,5)eachhavetwo minesin theirneighborhood,while thesquare(5,3)
hasthreeminesaroundit. In thisexample,theplayermightdeducefrom (3,3)that(4,2)
is mined,andby (3,2)that(4,1) is asafemove.

Finding safemoveson the boardconsistsin solving the problemgiven by those
numbersin thesquares.Theunknown of theproblemis thepositionsof themines.We
modelthis asa binarymatrix thatrepresentsthemine�eld, with oneentrypersquare.
Thevalue1 meansthatthecorrespondingsquareis mined,while 0 meansasafesquare.
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From now on, xi j will alwaysdenotethe matrix entry correspondingto the squareat
position

�

i � j � . The problemcan be written as linear equationsover the xi j 's. In the
example,wehave20mines(�rst equationbelow), andtheplayedsquaresarenotmined
(secondequationbelow). Theotherequationsaregivenby thenumbersin thesquares.



Thecorrespondingsquarecoordinatesaregivenontheleft of eachequation.
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This binarymodelof thegamede�nesa CSP, which we cansolve to �nd hintsfor
theplayer'snext move.If wehaveall thesolutionsof theproblem,wecanlook atwhat
is commonto all thosesolutions.For instance,if all solutionsgive x41 �

0, we know
thatthesquareatposition

�

4 � 1� is asafemove.
But we evengo furtherthanthis. Assumingthatall thosesolutionshave thesame

probability, we cancomputetheexpectedsolution,i.e., themeanof all solutions.This
givesusa probabilityfor eachsquareto bemined.In caseno safemovecanbefound,
theplayermightusethis informationto chooseits next move.

3 Propagation,Search, and Probabilities

We now presentspeci�c information relatedto the implementationof the inference
engines.Eachof themprovidesawaytosolvetheCSPde�nedby thecurrentstateof the
game.Sections3.1and3.2showstwo implementationbasedonconstraintpropagation
only. Sections3.3and3.4presentstwo solvers,andexplainshow their resultsareused
to computemineprobabilities.

3.1 SimplePropagators

The simplestinferenceengineusesthe binary modelof the Minesweepergame,and
poststhepropagatorsthattrivially implementtheconstraintsof themodel.Weillustrate
this with theexampleshown in Fig. 1. A quick sketchof theCSPis givenat theend
of Sect.2. All thoseconstraintscanbe implementedwith the Oz propagatorFD.sum,
takinga list of FD variableswith domain0#1 . For instance,thepropagatorfor (2,5) is
createdby a statementlike

{FD.sum [X14 X15 X16 X24 X26 X34 X35 X36] ´ =: ´ 2}

Let usnow examinetheeffect of thosepropagators.For thesake of simplicity, we
assumethatthe“zero” constraintslike(1,1)havebeenpropagated,andwesimplify the
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Thepropagatorfor (3,3) immediatelyinfersx42 �

1, which meansthatwe have found
the position of a mine. This informationallows propagators(3,1) and (3,2) to infer
x41 �

0, while thepropagator(4,3) infersx52 �

0.
The remainingpropagatorscannotinfer new constraints,and thuswait for more

informationto come.Still, moreinformationcanbe deducedfrom thoseconstraints.
But thepropagatorsthatwe have consideredherecannotdo it, becausethey sharetoo
few informationwith eachother. For instance,propagators(1,5) and(2,5) could infer
x36 �

1 if they weresharingx16 �

x26 �

1 asa basicconstraint.This insightleadsusto
animprovementin thepropagationof theconstraints.

3.2 The SetPropagators

We now show propagatorsthatinfer informationaboutsetsof squares,hencethename
“set” propagators.We continuewith theexampleshown in Fig. 1. Let usassumethat
thesimplepropagatorshave determinedthevariablesasexplainedabove.We consider
theremainingconstraints
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Rememberthattheweaknessof thesimplepropagatorswascomingfrom their unabil-
ity to shareinformationaboutsubtermslike x16 �

x26. Considerfor instanceconstraint
(2,5).Theimprovedimplementationof thisconstraintwill actuallycreateasmany prop-
agatorsaspartitionsof thesetof indices � 16� 26� 36� .

For eachsubsetI of indices,weconsiderthe“set” variablexI de�ned by

xI � å
i � I

xi �

Thede�nition of xI canbe implementedby a simplepropagator. We cannow express
the constraint(2,5) as follows. For eachpartition P
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Fig.2. An examplefor search.

Notethat(2,5.a)hasthesameeffectasthesimplepropagatorfor (2,5).
Let usobservetheeffectof thosepropagatorsin theexample.Theimprovedpropa-

gatorsfor (1,5) infer x
� 16
 26�

�

1, which makes(2,5.e)infer x
� 36�

�

1, giving x36 �

1.
The simplepropagator(4,5) then infers x46 �

x56 �

0. The propagationof (3,5) and
(1,5)thengivesx26 �

1 andx16 �

0.

3.3 A Binary Solver

As we saidin Sect.2, usefulinformationcanbededucedfrom thesetof solutionsof
theMinesweeperproblem.Theissueis, thereusuallyaremanysolutions.Considerthe
boardin Fig.2,with dimension10 � 10,andatotalof 20mines.Foursquareshavebeen
played.ThecorrespondingCSPhas3 � 33 � 1018 solutions!Computingall solutionsis
simply impossible,exceptfor verysmallboards.

Though,that issuecanbe addressed.We simply restrict the problemto someof
its variables.Eachsolutionof therestrictedproblemde�nesa classof solutionsof the
full problem1. In the example,only the variablesx12, x22, x23, x33, x41, x42, andx43
arerelevant.Theremainingunknownscanbedeterminedby othersimplemeans.The
solutionsof therestrictedproblemaregivenin Table1. If we considerthesolutions1
in thetable,thereremains89 unknowns,out of which 17 mustbemined.Thenumber
of waysto choose17 elementsout of 89 is givenby thebinomial �

89
17�

. This is thesize
of theclassof solutionsde�ned by s1. We cannow computethesumof theelements
in this class.For instance,thesumof thex12's is 0, becausethey areall equalto 0. In
thesameway, thesumof thex22's is �

89
17�

. And thesumof thex15's is �

88
16�

�

17
89 �

89
17�

.
Computingall restrictedsolutions,andsummingthemall, we obtaina probability for
eachsquare.We thus�nd thattheprobabilitythatx12 �

1 is 0 � 318.

1 Theword“class”is usedwith themeaningof “subset”here.Thesubsetweconsideris actually
anequivalenceclassin thesetof solutions.



solution s1 s2 s3 s4 s5 s6 s7 s8 s9
x12 0 0 0 1 1 1 1 1 1
x22 1 1 1 0 0 0 0 0 0
x23 0 1 1 0 1 1 0 1 1
x33 1 0 1 1 0 1 1 0 1
x41 0 0 0 0 0 0 1 1 1
x42 0 0 0 1 1 1 0 0 0
x43 1 1 0 1 1 0 1 1 0

classsize �
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�

89
17�

�

89
16�

�

89
16�

�

89
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Table1. Solutionsof therestrictedbinaryproblem.

3.4 The SetSolver

Thebinarysolver still computestoo many solutions.In theexample,onecanseethat
the problemhassymmetries. For instance,eachpermutationof thevaluesof x23, x33,
x43 in onesolutionleadsto anothersolution.This symmetrycomesfrom the fact that
thosethreevariablesareconstrainedby x23 �

x33 �

x43 �

2 only.
Theimprovedsolver reformulatestheCSPin termsof thesetvariablesxI in order

to eliminatethosesymmetries.Takingall equationsthat de�ne the binaryproblem,it
computesa partition of the variable's indices.Every subsetI in the partition is such
that,for eachequationxJ �

k in theproblem,I � J
�

I or /0. Thesubsetsarechosento
bemaximal, sothatsymmetriesareeliminated.

TheCSPof Fig. 2 is givenby
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This problemhastwo solutions,givenin Table2. Eachclassof solutionsis theprod-
uct of the possiblecombinationsof the set variablesof the reformulatedproblem.
EachvaluationxI �

k has �

n
k �

solutions,wheren is the sizeof I . Thereforethe size
of eachclassis given by a productof binomials.The computationof the probabili-
ties is similar to what the binary solver does.For instance,the meanvalueof x41 is
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Table2. Solutionsof thereformulatedproblem.

The ef�ciency is typically oneorderof magnitudefastercomparedto the binary
solver. Let usillustratethiswith anexample.Figure3 showsa snapshotof theapplica-
tion'swindow. Thesquarescontainingaminehavebeenmarkedwith ablackdisk.The
probabilitiesaredrawnas�lled rectanglesin thesquares.Themorearectangleis �lled,
thegreatedthemineprobability. A precisevalueof aprobabilityis shown in thebottom
right of thewindow whentheplayermovesits mousecursorover a givensquare.The
setsolver hascomputed6 solutionsto �nd the probabilities,while the binary solver
wouldsearchfor 246solutionsfor thesameproblem!

Fig.3. A snapshotshowing probabilisticinformation.



4 Architecture of the Application

The generalarchitectureof the Oz Minesweeperis depictedin Fig. 4. Boxesrefer to
concurrentagents(active objects),while “Symbolic �eld” and“Symbolic constraints”
aresimply shareddata.Arrows from datato agents(resp.from agentsto data)cor-
respondto ask (resp.tell) operations.Arrows betweenagentsrepresentmessagesor
procedurecalls.Theremoval of thecomponentsin thedashedboxgivesanimplemen-
tationof thegamewithoutdigital assistance.
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Fig.4. Data�ow diagramof theOzMinesweeper.

4.1 The CoreComponents

Thecentralpoint in theapplicationis thesymbolic�eld , which simply re�ects the in-
formationknown aboutthemine�eld. Thesymbolic�eld is basicallya matrix whose
entriescanbeeithersafe(K) or mine(X) . Thevaluesafe(K) meansthatthecorrespond-
ing squareis not mined,andK givesthenumberof minesin thesurroundingsquares.
NotethatK canbeunbound,if thesquareis known to besafe,but hasnot beenplayed
yet. Thevaluemine(X) meansthat thesquareis mined,andX is boundto exploded if
theminehasexploded,i.e., thegameis over.

Theuserinterfaceupdatestheboardby threadsthat synchronizeon thesymbolic
�eld. For instance,if an entry in the symbolic�eld is safe(K) andK is unbound,the
squareis markedwith a dash“ - ”. This shows theuserthatthis squareis safe.As soon
asK is determined,its valueis shown in thesquare,whichbecomesinactive.Whenthe
userclicks on a square,theuserinterfacecallsthegameagentto play thatsquare.The
gameautomaticallytells theresultin thesymbolic�eld, whichwakesupthethreadthat
updatesthesquare.

4.2 The Zero Propagatorand Autoplayer

Thezero propagatorsimplyasksandtells informationin thesymbolic�eld. If asquare
hasno minesaroundit, which correspondto valuesafe(0) in the symbolic�eld, the



surroundingsquaresaretold to be safe.The codeof the propagatoris shown below.
Thesymbolic�eld appearsasthe tuple SymField . The procedureWaitEnabled blocks
until the userenablesthe propagator. The samemechanismis usedby all inference
engines,andallows to userto experimentwith them.Thecall to functionBoxI returns
thecoordinatesof all thesquaresin aboxaroundsquareI .

for I in 1..{Width SymField} do
thread

case SymField.I of safe(0) then
{WaitEnabled}
for J in {BoxI I 1} do SymField.J = safe(_) end

else skip end
end

end

Theautoplayerworksin asimilarway. Whenenabled,it playsall thesquaresknown
tobesafein thesymbolic�eld. Sotheusercanlet thevariousinferenceenginesdiscover
safemoves,anddecidewhetherthey shouldbeplayedautomatically.

4.3 The Constraint Infer enceEngines

Theconstraint collectorincrementallybuildsthesymbolicconstraints, a list of thecon-
straintsthat appearimplicitly in thesymbolic�eld. The inferenceenginesusingcon-
straintprogrammingsimplyreadthislist togettheconstraintsof thecurrentproblem.A
constraintin thelist hastheform sum(Is K) , whereIs is alist of squarecoordinates,and
K is anonnegativeinteger. Its semanticsis theequationå i � Is xi �

K. All theconstraints
in theMinesweeperproblemcanbewritten in thisway.

Boththesimpleandsetpropagatorsreadthesymbolicconstraintsandprogressively
postsimplerpropagatorsasexplainedin Sect.3. Thosepropagatorsarepostedon lo-
cal binaryconstrainedvariables,andtold in thesymbolic�eld whendetermined.The
translationfor eachsquareis doneby a statementlike

SymField.I = case X.I of 0 then safe(_) [] 1 then mine(_) end

Recallthat the setpropagatorfor anequationå i � I xi �

k considersall partitionsof I ,
andreformulatestheequationasxI1 �7�����8�

xIn �

k. If I has8 elements(thetypicalcase
in the Minesweeper),we thushave 255 setvariablesand4140setequations!Those
numbersare greatly reducedby the actual implementation,which �rst subtractsthe
known xi 's,andthusonly considersthecoordinatesof theunknown squares.

A searchwith a solver is triggeredby pushinga button in the userinterface.The
solver �rst takestheknown partof thesymbolicconstraintslist, andsolvestheproblem
givenby thoseconstraints.In casenew safemovesor minepositionsarefound,they are
told to thesymbolic�eld. Otherwise,themineprobabilitiesareshown on theboard.

5 Evaluation and RelatedWork

TheOz Minesweeperhasbeenentirelywritten in Mozart [2], andis only about1000
lineslong.Thedigital assistantis capableto �nd all thesafemovesin agivensituation.



The setpropagatorproved to be effective at this task, it usually �nds mostof them.
The solver rarely �nds new moves,andprovidesmine probabilitiesinstead.It leaves
theplayerwith thetoughiestdecision,involving a cost-bene�tstrategy. An interesting
observation we have madeis that the proportionof minedsquaresshouldbe around
20%to make thegameinteresting.A proportionlessthan20%makestheproblemtoo
easy, while morethan20%quickly makesthegameunplayable.

Wehavefoundonly oneotherapplicationthatsolvestheMinesweeperproblemand
computesthemineprobabilities,calledTruf�e-SwineKeeper[3]. It seemsef�cient, but
wehavefoundtheinteractionwith thesolvernotaspracticalastheOzMinesweeper.

History. TheOz Minesweeperis bornsix yearsago.It startedasa studentwork, in a
seminarcourseonconstraintprogramming.Thegoalwasto studythisstrangelanguage
Oz,andgivea presentationon it. I foundthattheMinesweeperwasa goodexampleof
a CSPin the“real world”. And I hackeda smallsolver thatwasplayingthegame.

LaterI rewroteit asademonstrationprogram,andgaveit agraphicaluserinterface.
Only thesimplepropagatorwasimplemented.It alreadyimpressedquitea lot of vis-
itors. Thenext stepwasthe ideaof thebinarysolver. I wroteseveral implementations
of it, notablyby hackinga specialsearchengine.I eventuallygot the ideaof solving
therestrictedproblem,andcameupwith mineprobabilities.I rewroteeverythingfrom
scratch.Thehackedspecialsearchenginewentto thetrashcan.

Thelaststephappenedoneyearago.I understoodtheissueof thesymmetries,and
designedthe setsolver. The setpropagatorwasdesignedwhile implementingthe set
solver. I reworkeda bit the implementation,andintegratedthe inferenceenginesin a
properway. I �nally improvedtheuserinterfacetheweekbeforesubmittingthispaper.

6 Conclusion

We havedesignedandimplementedaMinesweeperapplicationwith adigital assistant.
The latter is basedon a simple mathematicalmodel of the Minesweepergame,and
varioustechniquescomingfrom the �eld of constraintprogramming.It proved to be
effective,andis capableto infer every logical consequenceof theproblemto solve. It
computesmineprobabilitieswithoutcomputationalburden.

The simplicity and ef�ciency of our applicationrelies on the languageOz and
theplatformMozart.Thedata�ow concurrency, symbolicdata,andconstraintsystem
makestheapplication'sarchitecturemodularandelegant.
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