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HMM induction

Problem: Estimate the model structure and its probabilistic
parameters from observed sequences

To do what? • Predict the future outcomes of the process
• Predict when future events will occur

Special focus: First Passage Times (FPT) between events of interest

Contribution: A novel induction algorithm to induce models from FPT
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FPT in models and sequences
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• FPT statistics can be computed from models or from sequences

• The FPT dynamics of a process denotes its FPT distributions

• FPT features are time unbounded features unlike N -grams
⇒ characterize long-term dependencies and temporal dynamics
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Partially Observable Markov Models (POMMs)

A POMM is a HMM such that any state emits a single letter
with probability 1. The same letter can be emitted by several states.
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We have shown that for any HMM there is an equivalent POMM.
⇒We use POMMs as target formalism (convenient FPT computations).
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We have shown that for any HMM there is an equivalent POMM.
⇒We use POMMs as target formalism (convenient FPT computations).

• States can be gathered in blocks w.r.t. their unique emission
• FPT observed in the sequences concern these blocks
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FPT dynamics in POMMs
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• The distributions of FPT in POMMs are of phase-type

– Merge states 1b and 2b into an absorbing state
– Start in 1a or 2a according to the relative proportion

of time spent in these states

• The multimodal distribution reveals the presence
of dominant path lengths

• Long-term dependencies are also reflected in the FPT dynamics
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POMM dynamics is poorly approximated by MC
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Order 1 MC modeling of the POMM’s distribution:
(estimated from 1000 sequences of length 100 from the POMM)
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POMM induction: POMMStruct
Algorithm POMMSTRUCT(S,r,p,nr)

EP0 ← initialize(S, r);
FPT ← extractFPT(S);
P ← selectDivPairs(EP,FPT, p);
EP0 ← POMMPHIT(EP0, FPT,P, nr);
Lik ← FPTLikelihood(EP0, FPT );
i ← 0

repeat
Liklast ← Lik;
κj ← probeBlocks(EPi, FPT );
EPi+1 ← addStateInBlock(EPi, κj);
EPi+1 ← POMMPHIT(EPi+1, FPT,P, nr);
Lik ← FPTLikelihood(EPi+1, FPT );
i ← i + 1

until |Lik−Liklast|
|Liklast|

< ε;
return {EP0, . . . , EPi}
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Feature selection/weighting
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• DJS(P1||P2) = H(M) − 1
2H(P1) − 1

2H(P2)

where M = 1
2(P1 + P2) and H(.) is the Shannon entropy

• FPT pairs are filtered/weighted according to their JS divergence
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POMM induction: POMMStruct
Algorithm POMMSTRUCT(S,r,p,nr)

EP0 ← initialize(S, r);
FPT ← extractFPT(S);
P ← selectDivPairs(EP,FPT, p);
EP0 ← POMMPHIT(EP0, FPT,P, nr);
Lik ← FPTLikelihood(EP0, FPT );
i ← 0

repeat
Liklast ← Lik;
κj ← probeBlocks(EPi, FPT );
EPi+1 ← addStateInBlock(EPi, κj);
EPi+1 ← POMMPHIT(EPi+1, FPT,P, nr);
Lik ← FPTLikelihood(EPi+1, FPT );
i ← i + 1

until |Lik−Liklast|
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< ε;
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Parameter estimation: POMMPHit
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• POMMPHIT is a novel EM-based algorithm to maximize
the FPT likelihood

• Each zab
i is a partial observation of a couple (zab

i , hi)
where hi is the sequence of states reached during the FPT zab

i

• Re-estimation formulas are derived to maximize E [P (Z,H | ρ) | Z]

• Additionally, a trimming procedure removes the transitions
with the lowest expected passage times
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Reestimation formula

Expectation step

Sa,b(q) =
l∑

k=1

ck

σa
qβ
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Maximization step
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∑
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0 otherwise
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Computational complexity: O(p L2 nt) per iteration where
L is the longest FPT and nt is the number of transitions

11

POMM induction: POMMStruct
Algorithm POMMSTRUCT(S,r,p,nr)
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repeat
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Adding state in block
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Algorithm POMMStruct
Input: • A training sample Strain

• The order r of the initial model
• The number of p of pairs
• The precision parameter ε

Output: A POMM bestEP

EP ← initialize(Strain, r);
FPTtrain ← extractFPT(Strain);
F ← selectDivPairs(EP, FPTtrain, p);
EP0 ← POMMPHit(EP, FPTtrain,F);
Liktrain ← FPTLikelihood(EP0, FPTtrain);
i ← 0
repeat

Liklast ← Liktrain;
κj ← probeBlocks(EP, FPTtrain);
EPi+1 ← addStateInBlock(EPi, κj);
EPi+1 ← POMMPHit(EPi+1, FPTtrain,F);
Liktrain ← FPTLikelihood(EP, FPTtrain);
i ← i + 1

until |Lik−Liklast|
|Liklast| < ε;

return {EP0, . . . , EPi}

Algorithm 1: POMM Induction by fitting the FPT dynamics.

states in κj (if they are connected to some state(s) in κj). The probabilistic
parameters of the augmented model are estimated using POMMPHit iterated
until convergence. An interesting byproduct of POMMPHit are the expected
transition passage times (see section 4.1). It provides the average number of
times the transitions are triggered when observing the FPT in the sample. Ac-
cording to this criterion, the less used transitions are successively trimmed o�
from the model. At each transition removal, the parameters of the model are
reestimated using POMMPHit. In general, the convergence is attained after a
few iterations as the parameters not a�ec ted by the trimming are already well
estimated. Transitions are trimmed until the likelihood function no longer in-
creases. This procedure has several benefits: (i) it can move POMMPHit away
from a local minimum of the FPT likelihood function (ii) it makes the model
sparser and therefore reduces the computational resources needed in the forward-
backward computations (see section 4.1) and (iii) the obtained model is more
interpretable. POMMStruct is iterated until the convergence of the FPT like-
lihood up to a precision parameter ε. A surrounding validation procedure is used
to select the best model from the collection of models {EP0, . . . , EPi} returned
by POMMStruct. That is, each model is evaluated on an independent valida-
tion set of sequences and the model o�ering the highest FPT likelihood is chosen.
At each iteration, the computational complexity is dominated by the complexity
of POMMPHit which is Θ(pL2m) or alternatively O(pL2|Q|2) where p is the
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• Pred(κj), κj and Succ(κj) need not be disjoint

• Local transitions are initialized following their type (color here)

• POMMPHIT first only estimates local transitions.
The trimming procedure is applied to these transitions.

• The complete model is then reestimated with POMMPHIT
and all transitions are candidate to be trimmed
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POMM induction: POMMStruct
Algorithm POMMSTRUCT(S,r,p,nr)

EP0 ← initialize(S, r);
FPT ← extractFPT(S);
P ← selectDivPairs(EP,FPT, p);
EP0 ← POMMPHIT(EP0, FPT,P, nr);
Lik ← FPTLikelihood(EP0, FPT );
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repeat
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Conclusion and future work

• We proposed a novel approach to induce POMMs based on
the FPT dynamics observed in the sample

• The FPT are informative about the structure of the model

• Structural induction is made by iterative state addition
and by transition trimming

• Parameter estimation is performed by POMMPHIT which
maximizes the model likelihood w.r.t. the observed FPT

Future work

• Return a HMM rather than a POMM

• Fit FPT between higher order events
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HMM induction overview

Discrete HMM
induction

Parameter
estimation State merging State splitting/adding Discriminative

techniques

ALERGIA/
MDI StolckeBaum-Welch/

gradient-Based POMMStruct Margin-based
techniques

Contribution

Restricted to PDFA-Local optimization-
Long-term dynamics
badly estimated

-

Orstendorf

-

Conditional 
likelihood

No standard method
for parameter estimation

-No clear improve-
ment over B-W

-

Brand

Restricted to
left-to-right
topology

-

Difficult to estimate in 
practice

- Often focus on 
sequence labeling

-

Unsupervized 
techniques are 
time consuming

-

Strong bias towards
sparse models -> not
always appropriate

- Not always concerned 
with HMM explicitely

-
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