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Talk objectives

Describe 2 “simple” ML problems and formulate them as
constrained combinatorial optimization problems

1 DFA induction
2 Feature selection

Trigger discussions to see whether a CP approach may help to
better address them

I and possibly bootstrap from ML to CP
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DFA induction

Outline

1 DFA induction

2 Feature selection
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DFA induction

Grammar induction
Also known as grammatical inference

Grammar induction is about learning a formal grammar from a
set of positive strings from its language, and possibly negative
strings as well

aaabbb
ab

Grammar
S−>aSb
S−> λ

InductionData

The positive and negative strings form a learning sample and the
grammar, or an alternative representation, generalizes it
Often a simplest generalization is sought (Ockham’s razor
formalized in computational learning theory)
Probabilistic extensions and statistical estimation algorithms have
been proposed
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DFA induction

The minimal DFA consistency problem

Learning a regular language is the most studied case
I Interesting applications in computational biology, natural language

processing, software engineering, . . .

A regular language can be equivalently represented by a
canonical Deterministic Finite-state Automaton (DFA)

L = (ba∗a)∗
 S → λ | bA

A → a | aB
B → aB | bA
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a

Learning a regular language⇒ solving the minimal DFA
consistency problem
Note: theoretical results show that solving this NP-hard problem on a
growing learning sample leads to the correct language identification in
finite time [5, 1]
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DFA induction

Language generalization through state merging

S+ = {λ,a,baab,bb,bba} S− = {b,ab}

Prefix-Tree Acceptor (PTA)
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Under reasonable assumptions, the target machine is in the PTA
partition set [4]
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DFA induction

State-merging DFA induction algorithm

Algorithm STATE-MERGING DFA INDUCTION ALGORITHM
Input: A positive and negative sample (S+,S−)

Output: A DFA A consistent with (S+,S−)

// Compute a PTA, let N denote the number of its states
PTA← Initialize(S+); π ← {{0}, {1}, ..., {N − 1}}
// Main state-merging loop
while (Bi ,Bj)← ChoosePair(π) do

πnew ← Merge(π,Bi ,Bj)
if Compatible(PTA/πnew ,S−) then

π ← πnew

return PTA/π
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DFA induction

The Merge function also reduces non-determinism
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Merging 10 and 6

Merging 9 and 4

Merging 7 and 2

Merging 3 and 2

Merging 8 and 4

Merging 5 and 2 (for determinization)
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DFA induction

An alternative representation: graph coloring problem

S+ = {λ,a,baab,bb,bba} S− = {b,ab}
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Augmented PTA with positively accepting states (= grey) and
negatively accepting states (= black)
The Merge function reduces non-determinism and checks such
coloring constraints

I States having different colors may not be merged

A minimal graph coloring problem
Find a deterministic graph with a minimal number of nodes satisfying
the coloring constraints [2, 3]
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DFA induction

Challenge

Solve a grid of DFA induction problems for
increasing alphabet size and decreasing
learning sample sizes [14]

Note: the competition is over but you can still try to outperform the
winning algorithm!

stamina.chefbe.net
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DFA induction

The Stamina winner

The winning algorithm DFASAT
from Marijn Heule and Sicco Verwer (Delft, Leuven)
a preliminary version was proposed in [9]
a mix of state merging + graph coloring + reduction to SAT
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DFA induction

Why CP looks interesting to tackle this problem?

This combinatorial optimization problem is a CSP
DFASAT uses some ingredients also found in CP

I A dedicated problem representation
I Redundant clauses
I Symmetry

Constraint propagation is natural in this problem
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{2,8} implies {0,6} incompatibility!

I Some form of cannot-link constraints on a graph structure +
determinism

I Mandatory merge (must link) constraints have also been
proposed [10]
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DFA induction

Why is it challenging?

The search space is the partition set of the PTA state set

A concrete example from Stamina:
≈ 15,000 positive and negative learning strings
The augmented PTA has ≈ 50,000 states
The number of partitions of a set of m elements into k non empty
subsets is ≈ O(km

k! ) (exact computation through a Stirling number)

m = 50,000 ; k = 50 ≈ 10105
machines with 50 states

(and yet, one should search other target sizes as well)

The more learning data you get the larger the search space while it
should be simpler from a ML viewpoint
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Feature selection

Outline

1 DFA induction

2 Feature selection
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Feature selection

A motivating example

Molecular biology in one slide!

Gene expressions vary for many different, but possibly dependent, reasons:

chemical or physical environment of the cells,

growth of the organism,

regulation of complex metabolic processes,

susceptibility to develop some illness or to respond to a treatment,. . .
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Feature selection

DNA microarrays

DNA chips measure the level of expression of all genes in a single
experiment
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Feature selection

Gene selection: a machine learning viewpoint

gene 1 gene 2 ... gene d class label
sample 1 x1,1 x1,2 ... x1,d y1
sample 2 x2,1 x2,2 ... x2,d y2
... ... ... ... ... ...
sample n xn,1 xn,2 ... xn,d yn

The number d of genes or probe sets ≈ 55,000
The number n of samples (tissues, patients) ≤ 100
The class labels y come from clinical status:
responsive or not to treatment,
good or bad diagnosis/prognosis, type of pathology, . . .

Biomarker Selection
Find a small subset of (≈ 50) genes to predict the outcome y of new
samples⇒ C50

55,000 ≈ 3.10172 possibilities. . .
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Feature selection

A basic feature selection: t-Test relevance index

Many feature selection methods have been proposed [6, 13]

A basic approach
Compute the mean feature values in each class

Assess whether the means significantly differ
between classes

I select the top ranked features according to the
p-values of a t-Test
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Feature selection

Issues with t-Test selection

you need reliable estimates of the means and variances of each
feature (hard with few samples)

you need to correct for multiple testing

the selection is univariate
⇒ the dependencies between features are not considered
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Feature selection

Maximum relevance minimum redundancy [12]

Multivariate objective
Find a subset S ⊆ X of k maximally relevant and minimally
redundant features
Relevance can be measured by the mutual information with the
response I(S; Y )

Redundancy can be measured by the mutual information
between variables I(S1, . . . ,Sk )

Notes:
Mutual information is difficult to estimate in high dimensions but
approximations or alternative measures (e.g. rank correlation)
exist
The mRmR approach uses a greedy search to optimize this
objective

Question: Could CP help to better solve this CSP?
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Feature selection

If standard feature selection looks too simple to you

Questions
How to use some uncertain and partial prior knowledge about
relevant features? or about feature dependencies?

How to select common features on distinct but related tasks
(transfer or multi-task learning)?

Note: mathematical programming approaches have been proposed to
address those problems [8, 7, 11]. Can CP complement or outperform
those methods?
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Feature selection

Conclusions

DFA induction and feature selection can be formulated as CSPs

These are combinatorial optimization problems with very large
search spaces, even with relatively small learning samples

Those problems could trigger additional collaborations between
CP and ML
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Feature selection
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