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Outline

• The curse of dimensionality

• The 3 core ideas of kernel methods, and specifically SVMs

• How to avoid the curse of dimensionality?

⇒ some results from Vapnik’s Statistical Learning Theory

• Why SVMs are interesting techniques but not the panacea?

• Kernels and regularized risk
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Building classifiers in high dimensional space

Classifiers define decision surfaces in some feature space where the data is either
initially represented or mapped to

Representing or mapping the data in a high dimensional space may ease the
separability between the classes (see Cover’s theorem)

but...

discrimination is not easier if the mapped points naturally lie into a lower dimen-
sional manifold

the higher the dimension of the feature space the more parameters may need to
be estimated
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The curse of dimensionality

If the number of parameters is too large with respect to the number of training
samples there is a risk of over-fitting the training data

Over-fitting implies poor generalization to correctly classify new data

Additionally, sensitivity to noise and computational complexity may increase with
the dimension of the feature space

This problem is known as the curse of dimensionality

However...
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The 3 core ideas of kernel methods

1. The so-called kernel trick allows to define an implicit mapping to a higher
dimensional feature space with two interesting consequences

• there is no need to compute anything in the higher dimensional space
• the number of parameters to be estimated becomes independent of the

dimension of the feature space

2. The capacity of the class of discriminant functions considered matters more
than the dimension of the space they lie into

Capacity is a measure of the complexity of a class of functions

The best known capacity concept is the Vapnik-Chervonenkis (VC) dimension

3. Controlling the capacity of linear discriminants can be done by maximizing the
margin of the hyperplane with respect to the training samples

Kernels + capacity control through margin maximization
⇒ the blessing of dimensionality
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Shattering

A set of samples S is shattered by a function class F if and only if for every
possible +/- labeling of the samples in S there exists some function in F which
perfectly classify the samples

For instance, if the function class F is the set of hyperplanes in IR2 (= lines) and
if we consider 3 samples, there are 23 = 8 possible labellings

For any such labeling there is a hyperplane classifying correctly the samples
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VC dimension

The Vapnik-Chervonenkis dimension (VC-dim) of a function class F defined
over an instance space X is the size of the largest subset of X shattered by F . If
arbitrarily large finite sets of X can be shattered by F then V C(F) ≡ ∞

We have seen a set of 3 points in IR2 which can be shattered by hyperplanes even
though they are sets of 3 points which cannot be shattered
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No sets of 4 points can be shattered by a hyperplane in IR2, no matter how they
are placed

⇒ the VC-dim of hyperplanes in IR2 is 3

More generally, the VC-dim of hyperplanes in IRd is d + 1
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Empirical Risk

Let g(x) be a discriminant for a binary classification problem Ω = {ω1, ω2}
The decision function f : X → {1,−1} is defined as f = sign (g(x))

Let x1, . . . ,xn be a training set of n samples with associated labels z1, . . . , zn

By definition zi = 1 if xi is labeled ω1, and zi = −1 otherwise

The zero-one loss function 1
2|f(x)− z| defines the correctness of the classifica-

tion of any sample x. The loss is 0 if x is correctly classified, and 1 otherwise

The average training error or empirical risk is defined as

Remp[f ] =
1
n

n∑
i=1

1
2
|f(xi)− zi|

7



August 2006 The blessing of dimensionality

Bounding the Risk

The true risk or probability of misclassification for any test sample drawn from
P (x, z) the (unknown) joined distribution of samples and class labels is defined
as

R[f ] =
∫

1
2
|f(x)− z|dP (x, z)

Over-fitting occurs when a function f minimizing the empirical risk Remp[f ] does
not minimize the true risk

Fortunately, we can bound the risk if we know the VC-dim h of the function class
F which f belongs to

In particular, if h < n (the number of training samples), then for all functions of F ,
independently of the underlying distribution P , with probability at least 1− δ

R[f ] ≤ Remp[f ] +

√
1
n

(
h

(
ln

2n

h
+ 1

)
+ ln

4
δ

)
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Interpretation of the VC-bound

R[f ] ≤ Remp[f ] +

√
1
n

(
h

(
ln

2n

h
+ 1

)
+ ln

4
δ

)
︸ ︷︷ ︸

capacity or confidence term

The results holds only with probability (at least) 1 − δ because the test data may
be particularly difficult

When the training set size n →∞ the capacity term → 0 and R[f ] → Remp[f ]

Considering a function class F with low VC-dim h reduces the capacity term

However if the function class is too simple (too low VC-dim) it will be difficult to
minimize Remp[f ]

This property can be seen as another formulation of the classical bias-variance
trade-off

⇒ there is an optimum to be found
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Practical use of the VC-bound?

R[f ] ≤ Remp[f ] +

√
1
n

(
h

(
ln

2n

h
+ 1

)
+ ln

4
δ

)

The above bound is not tight because it derives from a worst-case analysis and
must hold for any distribution P (x, z)

In practice, the distribution P (x, z) is unknown but not arbitrary

The interest of this bound is not so much its practical use but it motivates to best
fit the data with the simplest possible class of functions
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Structural risk minimization

Minimizing both Remp[f ] and the capacity term by choosing the class of functions
suitable for the amount of training data is the core of structural risk minimization

There is no curse of dimensionality but there is a curse of capacity
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Support Vectors and Maximal Margin Hyperplane

When the data is linearly separable in some appropriate feature space, the sepa-
rating hyperplane is not unique

The maximal margin hyperplane separates the data with the largest margin

For each separating hyperplane, there is an associated set of support vectors
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Maximizing the margin is a good idea

Recall that the VC-dim of hyperplanes in IRd is d + 1
⇒ the capacity term increases with the dimension of the space

Hopefully, for hyperplanes with margin ρ it was shown that the VC-dim h is
bounded

h ≤ R2

ρ2
+ 1

where R is the radius of the smallest hypersphere containing the data

The key advantage of this bound is that it is independent of the dimension d !!!

Maximizing the margin is a way to control the curse of capacity while working in
very high dimensional spaces

Maximizing the margin is also a way to increase robustness to noise since pertur-
bations around the training points do not affect much the decision boundary
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Discussion

• The above property defines the VC-dim of canonical hyperplanes relative to
a dataset (not all hyperplanes in IRd)

• The maximal margin ρ needs to be defined a priori (not strictly equivalent to
the SVM optimization problem)

• A similar and more general result holds for another capacity concept:
the fat shattering dimension

• Overfitting is still possible depending on the kernel choice (see later. . . )
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Mercer kernels

A kernel k is a symmetric function with k(x,x′) = 〈φ(x), φ(x′)〉 = k(x′,x) where
φ is a mapping from the original input space X to a feature space Y

Mercer Conditions: A symmetric function k : X × X → IR is a kernel if for any
finite subset {x1, . . . ,xn} of X the gram matrix

K = [k(xi,xj)]ni,j=1

is positive semi-definite (has non-negative eigenvalues)

k(x,x′) can be thought of as a similarity measure between x and x′ which gen-
eralizes the simple dot product 〈x,x′〉
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Implicit mapping induced by a kernel

If k satisfies the Mercer conditions, there exists a mapping φ such that
k(x,x′) = 〈φ(x), φ(x′)〉

We can directly specify k rather than φ
⇒ there is an implicit mapping to a new feature space

Linear kernel k(x,x′) = 〈x,x′〉 (φ maps x to itself)

Polynomial kernel k(x,x′) = (〈x,x′〉+ c)b with b ∈ N, c ≥ 0

Gaussian Radial Basis Function kernel k(x,x′) = exp
(
−‖x−x′‖2

σ2

)
with σ 6= 0

Sigmoid kernel k(x,x′) = tanh(κ〈x,x′〉+ ϑ) with κ > 0 and ϑ < 0

The kernel trick
Any learning algorithm that uses the data only via dot products can rely on this
implicit mapping by replacing 〈x,x′〉 by k(x,x′)
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Hard margin SVMs

The SVM estimation problem (i.e. finding a maximal margin hyperplane in the
feature space) may be formulated (in its dual form) as

max
α

W (α) =
n∑

i=1

αi −
1
2

n∑
i,j=1

αiαjzizjk(xi,xj)

The number of parameters only depends on the number of training samples n,
not the dimension of the input or the feature space

The decision function is defined as:

f(x) = sign

 ∑
xi∈SV

αizik(xi,x) + w0


which only depends on the (so-called support) vectors xi such that αi 6= 0
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SVMs pro’s

• SVMs are ”theoretically motivated” by Vapnik’s statistical learning theory

• estimation is a convex optimization problem (no multiple local minima)

• primal-dual formulation and the duality gap to measure ”distance” to optimum

• sparse solution: only the support vectors matter in the decision function

• state of the art results on many different datasets

• the kernel trick allows to build classifiers for structured data such as strings,
trees, graphs, probability distributions, etc

• relatively few meta-parameters: C (soft margin formulation), σ (RBF kernel),
the kernel itself, . . .
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SVMs are interesting but not the panacea

• many aspects are not new:

– The kernel trick is nearly a century old (Mercer 1909) but it was used only
much later to build a classifier (Boser, Guyon and Vapnik; COLT’92)

– The Ho and Kashyap algorithm (1965) estimates a hyperplane with a large
margin (with a minimum-squared error criterion and without the kernel trick)

– SVMs with RBF kernels are close to RBF networks (identical decision func-
tions, different estimation procedures: k-means vs prototypes selected as
support vectors)

• Computational cost of the training procedure becomes prohibitive for very large
datasets (but chunking can help)

• The kernel choice is critical

This is a practical concern but also a theoretical issue:

The VC-bound applies in the (implicit) feature space !!!
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Over-fitting induced by the kernel

Consider a RBF kernel k(x,x′) = exp
(
−‖x−x′‖2

σ2

)
with σ → 0

The gram matrix K = [k(xi,xj)]ni,j=1 tends to cI

In other words, training points are only considered (very) similar to themselves
⇒ fitting the training set is easy but generalization is likely to be poor

The ”ideal” kernel is such that any pair of points (x,x′) are considered similar if
and only if they should be associated to the same class label z

⇒ the design of this kernel would require the knowledge of P (x, z)
to minimize the true risk R[f ]
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Regularized risk

True risk minimization can be approximated by minimizing a regularized risk

Rreg[f ] = Remp[f ] + λΩ[f ]

where Ω[f ] penalizes the lack of smoothness of the function f
and λ is a regularization constant

Maximizing the margin of classification by a hyperplane in feature space is equiv-
alent to minimizing Ω[f ] = 1

2‖w‖
2

ξj

x2

x1

ξiw

This setting corresponds to soft-margin SVMs with Remp[f ]
approximated by a function of the slack variables ξi

min
w,ξ

1
2
‖w‖2︸ ︷︷ ︸

margin maximization

+
C

n

n∑
i=1

ξi︸ ︷︷ ︸
margin error
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Kernel choice is a regularization choice

Representer theorem (see [Schölkopf and Smola, 2002], chap. 4)

Let H denote the feature space associated to a kernel k and {x1, . . . ,xn} be a
labeled data set

Each minimizer f ∈ H of the regularized risk Remp[f ] + λΩ[f ] admits
a representation of the form:

f(x) =
∑n

i=1 αik(xi,x)

In other words, the kernel choice is a regularization choice

The RBF kernel can be shown to penalize derivatives of all orders, and thus en-
force more or less smoothness depending on σ
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Take home message

• the curse of capacity matters more than the curse of dimensionality

• maximizing the margin is a good idea to control the capacity of the function
class considered and to build classifiers robust to noise

• there is no free lunch in the kernel choice but each kernel corresponds to a
regularization operator
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