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Abstract

Reachability is a propagatorthat implementsa generalizedreachabilityconstrainton a directedgraphg. Given a
sourcenodesourcein g, wecanidentify threepartsin theReachability constraint:(1) therelationbetweeneachnode
of g andthesetof nodesthatit reaches,(2) theassociationof eachpair of nodeshsource;i i with its setof cut nodes,
and(3) theassociationof eachpair of nodeshsource;i i with its setof bridges.

Theeffectivenessof ourReachability propagatorhasbeenshown by applyingit to theHamiltonianPathproblem.
Theexperimentalevaluationsthatwehavedonein [10] show thatit providesstrongpruning,obtainingsolutionswith
very little search.Furthermore,theexperimentsshow thatReachability is alsousefulfor de�ning a gooddistribution
strategy anddealingwith orderingconstraintsamongmandatorynodes.Theseexperimentalresultsgiveevidencethat
Reachability is ausefulprimitive for solvingconstrainedpathproblemsovergraphs.

In this paperwe elaborateon the implementationof Reachability. Reachability hasbeenimplementedusing
a messagepassingapproachon top of the multi-paradigmprogramminglanguageOz [7]. I.e., Reachability is a
multi-agentsystemwhereagentssendeachothersynchronousandasynchronousmessagesandtheir transitionstate
functionsrely on data�o w andconstraintprogrammingprimitives[14]. In the implementation,we pro�ted from the
Finite IntegerSetmoduleprovidedby theMozartsystem,which implementsOz [5].

Keywords: constraintprogramming,�ltering algorithms,messagepassing,concurrentprogramming.

1 Intr oduction

Constrainedpathproblemshave to do with �nding pathsin graphssubjectto constraints.Oneway of constraining
thegraphis by enforcingreachabilityon nodes.For instance,it mayberequiredthata nodereachesa particularset
of nodesby respectingsomerestrictionslike visiting a particularsetof nodesor edgesandusinglessthana certain
amountof resources.We have instancesof this problemin Vehiclerouting[9, 1, 6] andBioinformatics[3].

An approachto solve this problemis by usingConcurrentConstraintProgramming(CCP)[13, 8]. In CCP, we
solve theproblemby interleaving two processes:propagationanddistribution. In Propagation,we areinterestedin
�ltering thedomainsof a setof �nite domainvariablesaccordingto thesemanticsof theconstraintsthathave to be
respected.In Distribution,we areinterestedin specifyingwhichalternativeshouldbeselectedwhensearchingfor the
solution.

In [10], we presentReachability asapropagatorthatis suitablefor solvingHamiltonianPathwith optionalnodes.
Givenadirectedgraphg, asourcenodesourceandadestinationnodedest, theHamiltonianPathproblem[2] consists
in �nding a pathgoingfrom sourceto dest visiting every nodeof g once.In HamiltonianPathwith optionalnodes,
we are forcedto visit only a speci�c subsetof the nodes(insteadof visiting all the nodes). We alsoshow how a
standardapproachfor dealingwith this kind of problem,which is basedon theuseof AllDif f [11] andNoCycle[1],
canberadicallyenhancedby usingReachability.

This paperis organizedasfollows: In section2 wepresenttheReachabilityConstraintanda subsetof its pruning
rules. In section3, we show how we canusea concurrentconstraintlanguagefor de�ning propagators.In section4,
afterpresentingtheCP(Graph)framework andits role in theimplementationof Reachability, weshow theimplemen-
tation of the pruningrulesin Oz. In this section,we alsoshow that the compositionof propagation,which we call
Batch Propagation, canbe easilyachievedwhenusinga messagepassingapproach.The implementationof Batch



Propagationis an importantresultsinceit playsan importantrole in the reductionof thecomputationtime. This is
becauseit minimizesthenumberof activationsof expensivepropagators.

2 The reachability propagator

2.1 Reachability constraint

TheReachabilityconstraintis de�ned asfollows:

Reachability (g; source;rn; cn; be) � 8i 2 N :
r n(i ) = Reach(g; i )^
cn(i ) = CutN odes(g; source;i )^
be(i ) = B r idges(g; source;i )

(1)

Where:

� g is agraphwhosesetof nodesis a subsetof N .

� sourceis a nodeof g.

� r n(i ) is thesetof nodesthati reaches.

� cn(i ) is thesetof nodesappearingin all pathsgoingfrom sourceto i .

� be(i ) is thesetof edgesappearingin all pathsgoingfrom sourceto i .

� Reach, Paths, CutNodesandBridgesarefunctionsthatcanbeformally de�ned asfollows:

j 2 Reach(g; i ) $ 9p:p 2 Paths(g; i; j ) (2)

p 2 Paths(g; i; j ) $
p = hk1; :::; kh i 2 nodes(g)h ^ k1 = i ^ kh = j ^
81� f <h :hkf ; kf +1 i 2 edges(g)

(3)

k 2 CutN odes(g; i; j ) $ 8p2 P aths (g;i;j ) :k 2 nodes(p) (4)

e 2 B r idges(g; i; j ) $ 8p2 P aths (g;i;j ) :e 2 edges(p) (5)

Theabovede�nition of Reachability impliesthefollowing propertieswhicharecrucialfor thepruningthatReach-
ability performs.Thesepropertiesde�ne relationsbetweenthefunctionsrn, cn, be, nodesandedges.Theserelations
canthenbeusedfor pruning,asweshow in section2.2.

1. If hi; j i is anedgeof g, theni reachesj .

8hi;j i2 edges(g) :j 2 rn(i ) (6)

2. If i reachesj , theni reachesall thenodesthatj reaches.

8i;j;k 2 N :j 2 rn(i ) ^ k 2 rn(j ) ! k 2 rn(i ) (7)

3. If i reachesj andk is a cutnodebetweeni andj in g, thenk is reachedfrom i andk reachesj :

8i;j 2 N :i 2 rn(source) ^ j 2 cn(i ) ! j 2 rn(source) ^ i 2 rn(j ) (8)

4. Reachednodes,cutnodesandbridgesarenodesandedgesof g:

8i 2 N :r n(i ) � nodes(g) (9) 8i 2 N :cn(i ) � nodes(g) (10) 8i 2 N :be(i ) � edges(g) (11)
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2.2 Pruning rules

We implementtheconstraintin Equation1 with thepropagator

Reachability (G; Source;RN; CN; B E) (12)

In this propagatorwehave that:

� G is a graphvariable[3] whoseupperbound(max(G)) is thegreatestgraphto which G canbe instantiated,
andlower bound(min (G)) is the smallestgraphto which G canbe instantiated.So, i 2 nodes(G) means
i 2 nodes(min (G)) andi 62nodes(G) meansi 62nodes(max(G)) (the sameappliesfor edges).In what
follows, fhN1; E1i # hN2; E2ig will denotea graphvariablewhoselower boundis hN1; E1i andupperbound
is hN2; E2 i . I.e., if g = hn; ei is thegraphthatG approximates,thenN1 � n � N2 andE1 � e � E2.

� Sourceis anintegerrepresentingthesourcein thegraph.

� RN (i ) is a Finite IntegerSet(FS) [5] variableassociatedwith thesetof nodesthatcanbereachedfrom node
i . Theupperboundof this variable(max(RN (i )) ) is thesetof nodesthatcouldbereachedfrom nodei (i.e.,
nodesthat arenot in the upperboundarenodesthat areknown to be unreachablefrom i ). The lower bound
(min (RN (i )) ) is thesetof nodesthatareknown to bereachablefrom nodei . In what follows f S1# S2g will
denotea FSvariablewhoselowerboundis thesetS1 andupperboundis thesetS2.

� CN (i ) is a FSvariableassociatedwith thesetof nodesthatareincludedin everypathgoingfrom Sourceto i .

� B E(i ) is a FSvariableassociatedwith thesetof edgesthatareincludedin everypathgoingfrom Sourceto i .

Thede�nition of Reachability andits derivedpropertiesgiveplaceto asetof propagationrules.Weshow herethe
mostrepresentativeones.Theothersaregivenin [10]. A propagationrule is de�ned as C

A whereC is aconditionand
A is anaction.If C is true,thepruningde�ned by A canbeperformed.

� From(6) 8hi;j i2 edges(g) :j 2 rn(i ) weobtain:

hi; j i 2 edges(min (G))
j 2 min (RN (i ))

(13)

� From(7) 8i;j;k 2 N :j 2 rn(i ) ^ k 2 rn(j ) ! k 2 rn(i ) weobtain:

j 2 min (RN (i )) ^ k 2 min (RN (j ))
k 2 min (RN (i ))

(14)

� From(8)8i;j 2 N :i 2 rn(source) ^ j 2 cn(i ) ! j 2 rn(source) ^ i 2 rn(j ) we obtain:

i 2 min (RN (Source)) ^ j 2 min (CN (i ))
j 2 min (RN (Source))

(15)
i 2 min (RN (Source)) ^ j 2 min (CN (i ))

i 2 min (RN (j ))
(16)

� From(1)8i 2 N :Reach(g; i ) = rn(i ) weobtain:

j 62Reach(max(G); i )
j 62max(RN (i ))

(17)

� From(1)8i 2 r n (sour ce) :cn(i ) = CutN odes(g; source;i ) we obtain:

j 2 CutN odes(max(G); Source;i )
j 2 min (CN (i ))

(18)

� From(1)8i 2 r n (sour ce) :be(i ) = B r idges(g; source;i ) we obtain:

e 2 B r idges(max(G); Source;i )
e 2 min (B E(i ))

(19)
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� From(9) 8i 2 N :r n(i ) � nodes(g), (10)8i 2 N :cn(i ) � nodes(g) and(11)8i 2 N :be(i ) � edges(g) we obtain:

k 2 min (RN (i ))
k 2 nodes(min (G))

(20)
k 2 min (CN (i ))

k 2 nodes(min (G))
(21)

e 2 min (B E(i ))
e 2 edges(min (G))

(22)

Oneeffect of thesepropagationrulesis that, if Source reachesj , andthereis only onepathp from Source to
j , thenp is in G. For instance,considertheexamplein Figure1. Let usassumethat thesourcenodeis 1 andthat1
reaches4 (this is why 4 is in thelowerboundof node1'sFSvariable).Then,let usaddtheconstraintthatedgeh1; 3i
is not in G. Thisconstraintandtheinformationwealreadyhadimply thatthepathfrom 1 to 4 passingthrough2 is in
G sincethereis nototherwayof reaching4 from 1.

Figure1: Pruningdoneby Reachability whentheconstrainth1; 3i 62G is added.Dashednodes/edgesarenodes/edges
thatmaynotbepartof G (i.e.,nodes/edgesthatarein theupperboundof G but not in thelowerboundof G.

3 De�ning propagatorsusinga concurrent constraint language

We will de�ne theReachabilitypropagatorusinga concurrentfunctionallanguage,namelythedeclarative subsetof
Oz. This languageis a concurrentconstraintlanguagein the senseof Saraswat [12]. For our purposes,it canbe
consideredasa functionallanguagethatexecutesconcurrentlyover a constraintstore. The constraintstoreconsists
of a conjunctionof primitive constraints.For example,in Figure2 we observe that Y is the integer42, B is a Finite
Domain(FD)variablewhosedomainis f 0; 1g, S is a FSvariablewhoselowerandupperboundsare; andf 5g, Msgs
is a list that is partially determined,andZ is a recordwith labelperson thathastwo �elds: age whosevalueis the
valueof thevariableY, andsex whosevalueis w.

Informationcanonly beaddedto theconstraintstore,by a ”tell” operation,andnever removed.Threadssynchro-
nizeon informationbecomingavailablein thestore,by an”ask” operation.

In our framework we distinguishthreetypesof propagators:

� Level 1. Thesepropagatorsareoptimizationsof propagatorsbelongingto thetwo otherlevelsthatareprovided
by Mozart andimplementedin C++. A propagatorin this level canbe consideredasa threadthat waits for
informationto becomeavailable,andthenaddsnew information. For example,the propagatorimplementing
the constraintX=<:Y reducesthe upperboundof X to 10 whenthe constraintstoreknows that Y hasupper
bound10.

� Level 2. A propagatorin this level canbe consideredasa setof threads,eachof which executesa recursive
function that continuouslywaits for informationto be addedto thestore,in orderto addotherinformationto
thestore.For instance,in Figure4, CreateCounter createsa threadthatreadsits messagesfrom thestreamS
andupdatesits stateaccordingly. This threadceasesto exist whenreadingthemessagestop . Notice that this
threadcomputesa list containingthestatevalues.

� Level 3. Propagatorsin this level canbe seenasagents:active entitieswith which onecanexchangemes-
sages(seechapter5 of [14]). An agentis supposedto receive messagesfrom differentthreads,sotheorderin
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Figure2: TheOzExecutionModel (Declarativesubset) Figure3: Architectureof a
Graphvariablepropagator

proc {CreateCounter InitState S}
fun {NextState state(val:Val output:Output) Msg}

NewOutput
in

Output=Val|NewOutput
case Msg of

inc then state(val:Val+1 output:NewOutput)
[] dec then state(val:Val-1 output:NewOutput)
end

end
proc {ProcessMsgs State=state(val:Val output:Output) S}

case S of stop|_ then Output=nil
[] Msg|RestS then

{ProcessMsgs {NextState State Msg} RestS}
end

end
in

thread {ProcessMsgs InitState S} end
end
{CreateCounter state(val:0 output:Output) Msgs}
Msgs=inc|inc|dec|stop|_

Figure4: A threadreadingmessagesfrom a stream

which theagentreceivesthemessagesis completelyindeterministic.This is why theagentis equippedwith a
communicationchannel(port) throughwhich themessagesaresent.

The global propagatorof the graphvariablethatwe aregoing to introducein thenext sectionis a level 3 prop-
agator. The needof thecommunicationchannelcomesfrom the fact that the orderin which nodes/edgesareintro-
duced/excludedis notknown apriori. Oursolutionis to havea threadpernode/edgewatchingtheinsertion/exclusion
of the node/edge.Oncethe node/edgeis include/excludethe thread(which we call watcher)sendsthe correspond-
ing messageto the port. For instance,the following is the implementationof a nodewatcher. Graph.N1.isIn
is 1/0 if N1 is/is not in the graph. Onceit is known that N1 is/is not in the graphthe watchersendsthe message
includeNode(N1) /excludeNode(N1) to themessageprocessor.

thread
if Graph.N1.isIn==1 then {Send MsgProcessor includeNode(N1)}
else {Send MsgProcessor excludeNode(N1)} end

end

Theinteractionbetweenthewatchersandthemessageprocessorof thegraphvariableis shown in Figure3. Notice
thatin this �gure thereis anadditionalcomponentthatwe aregoingto introducein section4.4.
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S::= SS Sequence
j X = f (l1 : Y1 : : : ln : Yn ) j Value
j X = < number> j X = < atom>
j local X 1 : : : X n in S end j X = Y Variable
j proc f X Y1 : : : Yn g S end j f X Y1 : : : Yn g Procedure
j if X then S elseS end Conditional
j thr eadS end Thread

Table1: TheOzdeclarativekernellanguage.

Eachof thepruningrulesof section2.2 canbe implementedin a straightforwardway asa propagatorusingthis
computationmodel.

Thedeclarativelanguageweintroducehereis basedonprocedures;semanticallyaprocedureis similarto aprocess
in a processcalculus.This is becauseprocedurescancreatethreadsanda threadcanexist inde�nitely asa running
entity if it is implementinga propagator. We canstill considerthe languageto bedeclarative,however, becauseit is
con�uent (seechapter13 of [14]). Becauseof themonotonicityof thestore,theconcurrency executesin a restricted
form thatis deterministicandhasno raceconditions.This is clearlyexplainedin chapter4 of [14].

All Oz executioncanbe de�ned in termsof a kernellanguagewhosesemanticsaregiven in chapter13 of [14].
We will just referto thedeclarativepartof it.

Table1 de�nestheabstractsyntaxof astatementS in thedeclarativesubsetof theOz kernellanguage.Statement
sequencesarereducedsequentiallyinsidea thread.All variablesarelogic variables,declaredin anexplicit scopede-
�ned by thelocal statement.Values(records,numbers,etc.)areintroducedexplicitly andcanbeequatedto variables.
Proceduresarede�ned at run-timewith the proc statementandreferredto by a variable. Procedureapplications
block until the �rst argumentreferencesa procedurename.The if statementde�nes a conditionalthatblocksuntil
its conditionis true or false in thevariablestore.Threadsarecreatedexplicitly with the thread statement.Each
threadhasa uniqueidenti�er thatis usedfor thread-relatedoperations.

In thefollowing section,wearegoingto beusingabit of syntacticsugarto makeprogramseasierto read.Wewill
dosoby consideringthat:

� proc {...} ... in ... end is equivalentto proc {...} local ... in ... end end .

� fun {F V1 V2 ... Vn} <Stm> <Exp> end is equivalentto proc {F V1 V2 ... Vn R} ... <Stm>
R=<Exp> end , where<Exp> is anexpressionrepresentinga valueand<Stm> is any statement.

� fun {...} ... in ... end is equivalentto fun {...} local ... in ... end end .

Proceduresarevaluesin Oz. Thismeansthatavariablemaybeboundto aprocedure.In particular, wehavethatproc
{X V1...Vn}... end is equivalentto X=proc {$ V1...Vn}... end , wheretheRHSis aprocedurevalue.

4 Implementation of Reachability

4.1 CP(Graph)

CP(Graph)introducesanew computationdomainfocussedongraphsincludinganew typeof variable,graphdomain
variables,aswell asconstraintsover thesevariablesandtheir propagators[3, 4]. CP(Graph)also introducesnode
variablesandedgevariables,andis integratedwith the�nite domainand�nite setcomputationdomain.

Thekernelconstraintsof CP(Graph)are:

� N odes(G; SN ): SN is thesetof nodesof G.

� Edges(G; SE): SE is thesetof edgesof G.

� EdgeNode(E ; N1; N2): theedgevariableE is anedgefrom nodeN1 to nodeN2.

Consistency techniqueshave beendeveloped,graphconstraintshave beenbuilt over the kernelconstraintsand
globalconstraintshavebeenproposed.CP(Gr aph) hasalsobeenimplementedin Oz [4].
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4.2 Implementing CP(Graph) usingmessagepassing

In [10], we re-implementedpartof CP(Graph)usinga MessagePassingapproach,for implementingour Reachabil-
ity propagator. We focussedon graphvariablesandprovided the following implementationof the two �rst kernel
constraints:

� {G incN(N)} resultsin N odes(G; SN ) ^ N 2 SN

� {G exN(N)} resultsin N odes(G; SN ) ^ N 62SN

� {G incE(E)} resultsin Edges(G; SE) ^ E 2 SE

� {G exE(E)} resultsin Edges(G; SE) ^ E 62SE

� {G isN(N B)} resultsin N odes(G; SN ) ^ (B = tr ue _ B = f alse) ^ (N 2 SN $ B = tr ue)

� {G isE(E B)} resultsin Edges(G; SE) ^ (B = tr ue _ B = f alse) ^ (E 2 SE $ B = tr ue)

Additionally, in our implementation,{G stream($)} is the streamthat containsthe messagesassociatedwith
theconstraintsthathavebeenimposedon G. So,if wehave imposedtheconstraints:

{G incN(1)} {G incN(2)} {G exE(1#2)} {G incE(2#1)} {G exN(3)}

thepartialvalueof S would be:

incN(1)|incN(2)|exE(1#2)|incE(2#1)|e xN(3)| _

4.3 Pruning of Reachability

Theskeletonof theimplementationof Reachability is shown in Figure5. In theimplementationof Reachability there
aretwo basiccomponents:asetof alreadyprovidedFS/FDpropagatorsandaglobal(userde�ned) propagator. In this
section,we will elaborateon the differentpropagatorsthat constituteReachability by referringto the pruningrules
thatthey implement.

NoticethatCreateGlobalPropagator createsanagentwhosebehavior is de�ned by thefunctionNextState .
The agentceasesto exist when encounteringthe messagedetermined in the stream. determined signalsthe
determinationof thegraphvariable.G is determinedwhenits lowerboundis equalto its upperbound(i.e.,min (G) =
max(G)). Thedeterminationof G impliesthatnomessagecomesafterdetermined .

4.3.1 Transitiveclosureof Reachability(Rules13and14)

%%For every potential node I of G
/*1*/ {FD.impl ({FS.card RN.I} >: 0) {G isN(I $)} 1}
/*2*/ {FD.impl {G isN(I $)} {FS.reified.isIn I RN.I} 1}

Statement1 imposesanimplicationbetweenthecardinalityof RN.I beinggreaterthan0 andthepresenceof I in
G. I.e.,a nodeshouldbepartof thegraphin orderto reachanotherone.

Statement2 imposesan implicationbetweenthepresenceof I in G and I reachingitself. This is becauseevery
nodeof Greachesitself.

/*3*/ Ss={G sucs($)}

%%For every potential pair of nodes <I,J> of G
/*4*/ {FD.impl {FS.reified.isIn J Ss.I} {ReifiedSubSet RN.J RN.I} 1}

Ss.I is thesetof successorsof I . As thesevariablesarealreadypresentin theimplementationof graphvariables,
wesimplymake thecorrespondingassociationsbetweenthosevariablesandSs(Statement3).

Statement4 imposesanimplicationbetweenJ beingin Ss.I andRN.J beingasubsetof RN.I .
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proc {Reachability G Source RN CN BE}
...
proc {CreateGlobalPropagator G Source RN CN BE}

fun {NextState state(graph:G) Msg}
...

end
proc {ProcessMsgs state(graph:G) Stream}

case Stream of
determined|_ then
%%End of message processing

[] Msg|RestStream then
{ProcessMsgs {NextState state(graph:G) Msg} RestStream}

end
end

in
thread

{ProcessMsgs state(graph:{MakeCompleteGraph NumNodes}) {G stream($)}}
end

end
in

for I in 1..NumNodes do
%%Unary propagators
...
for J in 1..NumNodes do

%%Binary propagators
...

end
end
{CreateGlobalPropagator G Source RN CN BE}

end

Figure5: Skeletonof Reachability

4.3.2 Pruningtheupperboundof RN (i ) (Rule17)

We �rst have to ensurethat, for every I that is alreadyknown to belongto G, RN.I getsdeterminedwhen I hasno
successors:

%%For every potential node I of G
/*5*/ {FD.impl

({FS.card RN.I} >: 0)
{FD.impl ({FS.card Ss.I} =: 0) ({FS.card RN.I} =: 1)}
1}

We alsohave to ensurethat I only reachesitself andthenodesthat its successorsreach.Thefollowing statement
doesthat:

/*6*/ local
fun {Accumulate Sets J}

if I\=J then S={FS.var.decl} in
/*8*/ {Select {G isInEdge(I#J $)} RN.J FS.value.empty S}
S|Sets

else Sets end
end
/*7*/ SucSets={FoldL NodesIds Accumulate nil}
/*9*/ ReachedNodes={FS.unionN {FS.value.singl I}|SucSets}

in
/*10*/ {Select ({FS.card RN.I} >: 0) ReachedNodes FS.value.empty RN.I}
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end

SucSets , de�ned in Statement7, is boundto thesetsof nodesreachedby thesuccessor. As we maynot know a
priori whetherJ is goingto besuccessorof I , thecorrespondingsetS is a setthatis eithertheemptyset(in caseJ is
nota successor)or RN.J . This relationis imposedby theapplicationof Select :

proc {Select Cond S1 S2 S3}
{FS.subset S3 {FS.union S1 S2}}
{FS.subset {FS.intersect S1 S2} S3}
thread

or Cond=1 S3=S1 [] Cond=0 S3=S2 end
end

end

Dependingon Cond, Select bindsS3 to S1 or S2. Moreover, asS3 is eitherS1 or S2, Select constrainsS3 to
haveonly theelementsthatS1 andS2 haveandto includetheelementsthatS1 andS2 have in common.

Statement10 is the one that actuallyconstrainsRN.I to be the setcontainingI and the nodesreachedby the
successorsof I . However, this is doneon theconditionthat I is a nodeof G(i.e., ({FS.card RN.I} >: 0) ).

This is all whatis neededfor pruningagraphwithoutcyclessincethesetsof reachednodesof theleavesgetbound
becauseof Statement5, andthis informationis propagatedto thecorrespondingpredecessorbecauseof Statement10.

However, if G hascycles, the reachednodessetsdo not get determinedeven if G is alreadydetermined. For
instance,supposethat the lower andupperboundof G is graph(1:[2] 2:[1]) andthat thepotentialsetof nodes
is f 1; 2; 3g. The propagatorsabove mentionedwill basicallyconstrainRN.1 to be equalto RN.2 (andRN.3 to be
theemptyset). Additionally, dueto Statement1 and2, nodes1 and2 get into the lower boundof RN.1 andRN.2 .
However, nopropagatorremoves3 from theupperboundof neitherRN.1 norRN.2 .

Theupperboundof eachreachednodessetis updatedin thetransitionfunctionof theglobalpropagatorof Reach-
ability:

fun {NextState state(graph:G) Msg}
case Msg of exE(N1#N2) then

/*11*/ NewG={RemoveEdge G N1#N2}
in

/*12*/ {FS.subset RN.N1 {FS.value.make {DFS.reach N1 NewG}}}
/*13*/ {UpdateCutNodes CN Source NewG}
/*14*/ {UpdateBridges BE Source NewG}
state(graph:NewG)

else
state(graph:G)

end
end

Theinternalstateof theglobalpropagatoris theupperboundof G. Eachtimeanedgeis removed,thisupperbound
is updated(Statement11) andsoaretheupperboundsof thereachednodessetsaffected(Statement12). Noticethat
it is enoughto updatethe reachednodessetof the origin of the edgeremoved (N1) sincethe restwill be doneby
Statement10. Notice that RN.N1 is updatedby imposingthat RN.N1 is a subsetof thenodesreachedby N1 in the
upperboundG.

4.3.3 Discoveringcut nodes

We have to startby keepingtrackof thecut nodesbetweenthesourceandeachothernode(CN.I ). As thesetof cut
nodesmay changewhenan edgeis removed,we updateCN.I eachtime an edgeremoval takesplaceby invoking
UpdateCutNodes (Statement13). Noticethat,in this statement,wearetakingcareof Rule18 1.

/*15*/ {FD.impl {FS.reified.isIn I RN.Source} {ReifiedSubSet CN.I RN.Source} 1}

/*16*/ {FD.impl {FS.reified.isIn J RN.I} {G isN(J $)} 1}

1Wepresentthealgorithmsthatweusefor computingcutnodesandbridgesin [10]. ThesealgorithmsarebasedonDFS[10].
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In orderto performthepruningof rules15and16. We imposeanimplicationbetweenI belongingto RN.Source
andCN.I beingasubsetof RN.Source (Statement15),andbetweenJ belongingto RN.I andJ belongingto thenodes
of G(Statement16). In fact,this laststatementalsotakesthepruningperformedby rules20 and21 into account.An
exampleillustratingthepruningperformedby thesestatementsis shown in Figure6. In this examplewe imposethe
constraintthatnode1 shouldreachnode9. As 5 is a cutnodebetween1 and9, 5 is includedin Gandforcedto reach
9. Additionally, 1 is constrainedto reach5.

Figure6: Discoveringcut nodes

4.3.4 Discoveringbridges

As in thepreviouscase,BE.I is updatedeachtimeanedgeremoval takesplaceby invokingUpdateBridges (State-
ment14).

/*17*/ {FD.impl {FS.reified.isIn I RN.Source} {ReifiedEdgesInGraph BE.I G} 1}

We imposeanimplicationbetweenI belongingto RN.Source andthebridgesbetweenSource andI belonging
to theedgesof G (Statement17). This statementcoversthepruningof Rule22 into account.An exampleillustrating
thepruningperformedby this statementis shown in Figure7. In this examplewe imposetheconstraintthatnode1
shouldreachnode5. This constraintis enoughto determinetheonly pathbetween1 and5.

Figure7: Discoveringbridges

4.4 Batch propagation

In the previous implementation,we computecut nodesandbridgeseachtime an edgeis removed. This certainly
leadsto a considerablyamountof unnecessarycomputationsincethesetof cut nodes/bridgesevolvesmonotonically.
Anotherapproachis to considerall theremovalsat onceandmake onecomputationof cut nodesandbridgesperset
of edgesremoved. This optimizationcanbe implementedby addinga concurrentprocessto the implementationof
graphvariables.Thetaskof thisprocessis to batchtogetherthemessagesaccordingto their types(asshown in Figure
8). In this way, the transitionfunctionof theglobalpropagatorof Reachability will considerall theedgesthathave
beenremovedat once:

fun {NextState state(graph:G) batch(exE:Es ...)}
if Es==nil then state(graph:G)
else
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Figure8: Building batches

Figure9: SimpleBridgeDiscovering

NewG={RemoveEdges Es G}
in

{UpdateRNs Es NewG}
{UpdateCutNodes CN Source NewG}
{UpdateBridges BE Source NewG}
state(graph:NewG)

end
end

In fact,this transitionfunctionis verysimilar to thepreviousone.Theonly differentthing is thatNewGis consid-
eringall thenodesthathavebeenremoved.

Statement6 is a cheapway of computingbridgeswhenthereis nocycle. Noticethat,in thesituationof Figure9,
thepruningperformedby Statement6 is enoughfor discoveringthebridgesbetweennode1 andnode6. However, the
globalpropagatoralsodiscoversthis information.Thepoint in having this redundancy in propagationis that,thanks
to thefactthattheexpensivepropagatorworksonbatches,therearecaseswheretheexpensivecomputationof bridges
is notactivated.Suppose,for instance,thatdiscoveringthebridgeh2; 4i raisesa failurebecause4 is not reachedby 2.
This failureis discoveredby thecheappropagatorandtheexpensiveoneis notactivated.

5 Conclusionand futur e work

We presentedthe implementationof Reachability, which hasbeenimplementedusinga messagepassingapproach
on top of themulti-paradigmprogramminglanguageOz [7]. We showedhow theuseof FSvariablessimpli�ed the
implementationof mostof therules.

In the implementationof Reachability we distinguishedtwo basiccomponents:a setof alreadyprovidedFS/FD
propagatorsandaglobal(userde�ned) propagator. We showedtheglobalpropagatorasanagentthatreadsmessages
from astreamgeneratedby thegraphvariableonwhichReachability is applied.

We presenteda cheapway of discoveringbridgesbasedon FSpruning.After introducingour implementationof
Bath propagationusingmessagepassing,we explainedwhy this canplay an importantrole in the reductionof the
computationtime.

From our observationsin [10], we infer that the suitability of Reachability is basedon the strongpruning that
it performsandthe informationthat it providesfor implementingsmartdistribution strategies. We alsofound that
Reachability is appropriatefor imposingdependencieson nodes.Certainly, we still have to seewhetherour conclu-
sionsapplyto othertypesof graphs.

Our experimentsin [10] also show that the appropriatenessof Reachability is increasedwith the presenceof
optionalnodes.This is basicallybecausewearenolongerableto applytheglobalAllDif f propagatoronthesuccessors
of thenodessincewedonotknow apriori whichnodesparticipatein thepath.However, thecomplexity of theproblem
tendsto increasewith thenumberof optionalnodesif they areuniformly distributed.
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It is importantto remarkthatboththecomputationof cut nodesandthecomputationof bridgesplay anessential
role in theperformanceof Reachability. Thereasonis thateachoneis ableto prunewhentheothercannot. Notice
thatFigure6 is a context wherethecomputationof bridgescannotinfer anything sincethereis no bridge. Similarly,
Figure7 representsa context wherethecomputationof bridgesdiscoversmoreinformationthanthecomputationof
cutnodes.

A drawbackof our approachis thateachtime we computecut nodesandbridgesfrom scratch,sooneof our next
tasksis to overcomethis limitation. I.e.,givena graphg, how canwe usethefactthat thesetof cut nodesbetweeni
andj is s for recomputingthesetof cutnodesbetweeni andj aftertheremoval of someedges?.

Theimplementationof Reachability wassuggestedby a practicalproblemregardingmissionplanningin thecon-
text of an industrialproject. Our futurework will concentrateon makingpropagatorslike Reachability suitablefor
non-monotonicenvironments(i.e.,environmentswhereconstraintscanberemoved). Insteadof startingfrom scratch
whensuchchangestakeplace,whatwewantis to usethepruningpreviouslyperformedin orderto repairthepruning.
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