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Abstract

Readability is a propagatothatimplementsa generalizedeachabilityconstrainton a directedgraphg. Givena
sourcenodesourcein g, we canidentify threepartsin the Reahability constraint:(1) therelationbetweereachnode
of g andthe setof nodeghatit reaches(2) theassociatiorof eachpair of nodessource;ii with its setof cutnodes,
and(3) theassociatiorof eachpair of nodeshsource;ii with its setof bridges.

Theeffectivenesof our Reahability propagatohasbeenshown by applyingit to the HamiltonianPath problem.
The experimentakevaluationghatwe have donein [10] shaw thatit providesstrongpruning,obtainingsolutionswith
very little search.Furthermorethe experimentsshav that Readability is alsousefulfor de ning a gooddistribution
stratgy anddealingwith orderingconstraintamongmandatorynodes.Theseexperimentaresultsgive evidencethat
Readhability is a usefulprimitive for solvingconstrainegathproblemsovergraphs.

In this paperwe elaborateon the implementationof Reahability. Readability hasbeenimplementedusing
a messagegassingapproachon top of the multi-paradigmprogramminglanguageOz [7]. l.e., Readability is a
multi-agentsystemwhereagentssendeachothersynchronousndasynchronousnessageandtheir transitionstate
functionsrely on data o w andconstrainiprogrammingoprimitives[14]. In theimplementationyve pro ted from the
Finite Integer Setmoduleprovided by the Mozartsystemwhich implementsOz [5].

Keywords: constrainprogramming,ltering algorithms messag@assingconcurrenprogramming.

1 Intr oduction

Constrainechath problemshave to do with nding pathsin graphssubjectto constraints.Oneway of constraining
the graphis by enforcingreachabilityon nodes.For instancejt may be requiredthata nodereaches particularset
of nodesby respectingsomerestrictionslik e visiting a particularsetof nodesor edgesandusinglessthana certain
amountof resourcesWe have instance®f this problemin Vehiclerouting[9, 1, 6] andBioinformatics[3].

An approacho solve this problemis by using ConcurrentConstraintProgramming(CCP)[13, 8]. In CCR we
solve the problemby interlearing two processespropagatioranddistribution. In Propagationwe areinterestedn

Itering the domainsof a setof nite domainvariablesaccordingto the semanticf the constraintghat have to be
respectedin Distribution, we areinterestedn specifyingwhich alternatve shouldbe selectedvhensearchingor the
solution.

In [10], we presenReadtability asa propagatothatis suitablefor solvingHamiltonianPathwith optionalnodes.
Givenadirectedgraphg, asourcenodesourceandadestinatiomodedest, theHamiltonianPathproblem[2] consists
in nding apathgoingfrom sourceto dest visiting every nodeof g once.In HamiltonianPathwith optionalnodes,
we areforcedto visit only a speci ¢ subsetof the nodes(insteadof visiting all the nodes). We alsoshav how a
standardapproachor dealingwith this kind of problem,whichis basedon the useof AlIDiff [11] andNoCycle[1],
canberadicallyenhancedby usingReatability.

This paperis organizedasfollows: In section2 we presenthe ReachabilityConstraintanda subsebf its pruning
rules. In section3, we shov how we canusea concurrentonstrainianguagedor de ning propagatorsin section4,
after presentinghe CP(Graph¥ramawvork andits role in theimplementatiorof Readability, we shav theimplemen-
tation of the pruningrulesin Oz. In this section,we alsoshow that the compositionof propagationwhich we call
Batch Propagation, canbe easily achieszed whenusing a messageassingapproach.The implementatiorof Batch



Propagationis animportantresultsinceit playsanimportantrole in the reductionof the computatiortime. This is
becausdé minimizesthe numberof activationsof expensve propagators.

2 Thereachability propagator
2.1 Reachability constraint
TheReachabilityconstraints de ned asfollows:
rn(i) = Reach(g; )"
Reachability (g; source;rn; cn; be 8i2n: cn(i) = CutN odeqg; source;i)® Q)
bgi) = Bridges(qg; source;i)
Where:
g is agraphwhosesetof nodess asubsebf N .
sourceis anodeof g.
rn(i) is thesetof nodeshati reaches.
cn(i) is thesetof nodesappearingn all pathsgoingfrom sourcetoi.

bg(i) is thesetof edgesappearingn all pathsgoingfrom sourcetoi.

Read, Paths CutNodesandBridgesarefunctionsthatcanbeformally de ned asfollows:
j 2 Reach(g;i) $ 9p:p 2 Paths(g;i; ) 2)

g P= hki;::kni 2 nodegg)" M ke = iAMkp = jA

p2 Paths(g;i; ) 81 f<n ki :kis1i 2 edges(g) <
k2 CutN odeg(g;i; }) $ 8pzparhs (gij ) 'k 2 nodes(p) “
e2 Bridges(g;i;j) $ 8p2paths (g;ij )€ 2 edges(p) ©

Theaborede nition of Reahability impliesthefollowing propertiesvhich arecrucialfor thepruningthatRead-
ability performs.Thesepropertiesde ne relationsbetweerthefunctionsrn, cn, be nodesandedgesTheserelations
canthenbeusedfor pruning,aswe shaw in section2.2.

1. If h; ji isanedgeof g, theni reache§.

8hijj i2 edges(g) -] 2 rn(i) (6)

2. If i reacheg, theni reachesll thenodesthatj reaches.

Bijk onj 2rn(i)Mk2rn()! k2 rn(i) (7

3. If i reache$ andk is acutnodebetween andj in g, thenk is reachedromi andk reaches:

8ij on:i 2 rn(source) M j 2 cen(i)! j 2 rn(source) ™ i 2 rn(j) (8)

4. Reachedodescut nodesandbridgesarenodesandedgesf g:

8ian:rn(i) nodegg) (9) 8i2n:cn(i) nodeg(g) (10) 8ian :be(i) edges(g) (11)



2.2 Pruning rules

We implementthe constraintin Equationl with the propagator

Reachability (G; Source;RN;CN;BE) (12)
In this propagatowe have that:

G is agraphvariable[3] whoseupperbound(max(G)) is the greatesgraphto which G canbe instantiated,
andlower bound(min (G)) is the smallestgraphto which G canbe instantiated.So,i 2 nodegG) means
i 2 nodegmin (G)) andi 62nodeqG) meansi 62nodegmax(G)) (the sameappliesfor edges).In what
follows, fhN1; E1i# hN,; E2ig will denotea graphvariablewhoselower boundis N ; E;i andupperbound
ishN»; Exi. Le.,if g= n; el isthegraphthatG approximatesshenN; n Ny andE; e Ej.

Sourceis anintegerrepresentinghe sourcein thegraph.

RN (i) is aFinite Integer Set(FS)[5] variableassociatedvith the setof nodesthatcanbe reachedrom node
i. Theupperboundof this variable(max (RN (i))) is the setof nodesthat could be reachedrom nodei (i.e.,
nodesthatarenot in the upperboundare nodesthat areknown to be unreachabldérom i). The lower bound
(min (RN (i))) is the setof nodesthatareknown to be reachabldrom nodei. In whatfollowsf S;# S,g will

denotea FSvariablewhoselower boundis thesetS; andupperboundis the setS;.

CN (i) is aFSvariableassociatedvith the setof nodesthatareincludedin every pathgoingfrom Sourcetoii.
BE (i) is aFSvariableassociateavith the setof edgeghatareincludedin every pathgoingfrom Sourcetoi.

Thede nition of Reathability andits derivedpropertiegive placeto a setof propagationules. We shav herethe
mostrepresentatie ones.Theothersaregivenin [10]. A propagationruleis de ned as % whereC is aconditionand
A isanaction.If C is true,thepruningde ned by A canbeperformed.

From(6) 8i;j i2 edges(g):] 2 rn(i) weobtain:

h; ji 2 edges(min (G))

j 2 min (RN (i)) (13)
From(7) 8ijx 2n:j 2 rn(i)* k2 rn()! k2 rn(i) weobtain:
j2min(RN(@)” k2 min(RN(j))
k 2 min (RN (i)) (14)
From(8)8;j 2n:i 2 rn(source) ™ j 2 cn(i) ! j 2 rn(source) * i 2 rn(j) weobtain:
i 2 min (RN (Source)) ~ j 2 min (CN (i)) 15 i 2 min (RN (Source)) * j 2 min (CN (i)) 16
j 2 min (RN (Source) (15) i 2mn(RN(j)) (16)
From(1)8i2 N :Reach(g;i) = rn(i) weobtain:
j 62Reach(max(G);i)
j 62max (RN (i)) (A7)
From(1)8;2 1 n(sour ce):CN(i) = CutN odegg; source;i) we obtain:
j 2 CutN odegdmax(G); Source;i) (18)
j 2 min(CN(i))
From(1)8;2 1 n(sour ce):PE(I) = Bridges(g; source;i) we obtain:
e 2 Bridges(max(G); Source;i) (19)

e2 min (BE(i))



From(9) 82y :rn(i) nodegqg), (10)8ion:cn(i) nodegg) and(11)8i2n :bgi) edges(g) we obtain:

k 2 min (RN (i)) (20) k 2 min (CN (i)) (21) e2 min(BE(i))
k 2 nodegmin (G)) k 2 nodegmin (G)) e 2 edges(min (G))
Oneeffect of thesepropagatiorrulesis that, if Sourcereacheg, andthereis only one pathp from Source to
i, thenpisin G. For instanceconsiderthe examplein Figurel. Let usassumehatthe sourcenodeis 1 andthat1
reached! (thisis why 4 is in thelower boundof nodel's FSvariable).Then,let usaddthe constrainthatedgeht; 3i
isnotin G. This constraintandtheinformationwe alreadyhadimply thatthe pathfrom 1 to 4 passinghrough2 isin
G sincethereis not otherway of reachingd from 1.

(22)

RN(1): {{14}#{1,2,3,4}} RN(1): {{1,2,4}#{1,2,4}}
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Figurel: Pruningdoneby Reatability whenthe constraintl; 3i 62G is added Dashechodes/edgearenodes/edges
thatmaynotbe partof G (i.e., nodes/edgethatarein theupperboundof G but notin thelower boundof G.

3 De ning propagatorsusing a concurrent constraint language

We will de ne the Reachabilitypropagatousinga concurrenfunctionallanguagenamelythe declaratve subsef
Oz. This languages a concurrentconstraintianguagein the senseof Saraswat [12]. For our purposesjt canbe
consideredasa functionallanguagehat executesconcurrentlyover a constraintstore. The constraintstoreconsists
of a conjunctionof primitive constraints.For example,in Figure2 we obsenethatY is the integer42, B is a Finite
Domain(FD)variablewhosedomainis f 0; 1g, S is a FSvariablewhoselower andupperboundsare; andf 5g, Msgs
is a list thatis partially determinedandz is a recordwith labelperson thathastwo elds: age whosevalueis the
valueof thevariableYy, andsex whosevalueis w.

Informationcanonly be addedo the constraintstore by a”tell” operationandneverremoved. Threadssynchro-
nize oninformationbecomingavailablein the store,by an”ask” operation.

In our framework we distinguishthreetypesof propagators:

Level 1. Thesepropagatorsireoptimizationsof propagatorfelongingto thetwo otherlevelsthatareprovided
by Mozartandimplementedn C++. A propagatotin this level canbe consideredas a threadthat waits for
informationto becomeavailable,andthenaddsnew information. For example,the propagatoimplementing
the constraintX=<:Y reduceshe upperboundof X to 10 whenthe constraintstoreknows thatY hasupper
bound10.

Level 2. A propagatoiin this level canbe consideredasa setof threads,eachof which executesa recursve
functionthat continuouslywaits for informationto be addedto the store,in orderto add otherinformationto
thestore.For instancejn Figure4, CreateCounter ~ createsathreadthatreadsits messagefom the streams
andupdatests stateaccordingly This threadceaseso exist whenreadingthe messageatop . Notice thatthis
threadcomputes list containingthe statevalues.

Level 3. Propagatorsn this level canbe seenas agents:active entitieswith which one canexchangemes-
sagegseechapters of [14]). An agentis supposedo receive messagefrom differentthreadssothe orderin



Figure2: The Oz ExecutionModel (Declaratve subset) Figure 3: Architectureof a
Graphvariablepropagator

proc {CreateCounter InitState S}
fun {NextState state(val:Val output:Output) Msg}
NewOutput
in
Output=Val|NewOutput
case Msg of

inc then state(val:vVal+1 output:NewOutput)
[ dec then state(val:Val-1 output:NewOutput)
end
end
proc {ProcessMsgs State=state(val:Val output:Output) S}

case S of stop|_ then Output=nil
[ Msg|RestS then
{ProcessMsgs {NextState State Msg} RestS}
end
end
in
thread {ProcessMsgs InitState S} end
end
{CreateCounter state(val:0 output:Output) Msgs}
Msgs=inc|inc|dec|stop|_

Figure4: A threadreadingmessagefom a stream

which the agentrecevesthe messageis completelyindeterministic.This is why the agentis equippedwith a
communicatiorchannelport) throughwhich the messagearesent.

The global propagatomof the graphvariablethatwe aregoingto introducein the next sectionis a level 3 prop-
agator The needof the communicatiorchannelcomesfrom the fact thatthe orderin which nodes/edgeareintro-
duced/ecludedis notknown a priori. Our solutionis to have athreadpernode/edgevatchingtheinsertion/eclusion
of the node/edge Oncethe node/edgas include/ecludethe thread(which we call watcher)sendsthe correspond-
ing messagedo the port. For instance the following is the implementationof a nodewatcher Graph.N1.isin
is 1/0 if N1 is/is notin the graph. Onceit is known that N1 is/is not in the graphthe watchersendsthe message
includeNode(N1) /excludeNode(N1) tothemessag@rocessar

thread
if Graph.Nl.isIn==1 then {Send MsgProcessor includeNode(N1)}
else {Send MsgProcessor excludeNode(N1)} end

end

The interactionbetweerthe watchersandthe messagerocessonf the graphvariableis shovn in Figure 3. Notice
thatin this gure thereis anadditionalcomponenthatwe aregoingto introducein section4.4.



S:=SS Sequence
JX =Ff(: Y i Ya)j Value
j X =<numbep j X =<atonr
jlocalX;:::XpinSendjX =Y Variable
jprocf X Yi:::YagSendjfXYy:::Y,gProcedure
jif X thenS elseS end Conditional
jthreadS end Thread

Tablel: TheOzdeclaratve kernellanguage.

Eachof the pruningrulesof section2.2 canbe implementedn a straightforvard way asa propagatowusingthis
computatiormodel.

Thedeclaratve languageve introducehereis basedn proceduressemanticallya procedurés similarto aprocess
in a processcalculus. This is becausgroceduresancreatethreadsanda threadcanexist inde nitely asa running
entity if it is implementinga propagatar We canstill considerthe languageo be declaratve, however, becauset is
con uent (seechapterl3 of [14]). Becausef the monotonicityof the store,the concurreng executesn arestricted
form thatis deterministicandhasno raceconditions.Thisis clearly explainedin chapter4 of [14].

All Oz executioncanbe de ned in termsof a kernellanguagevhosesemanticsaregivenin chapterl3 of [14].
We will justreferto thedeclaratve partof it.

Tablel de nestheabstracsyntaxof a statemens in the declaratve subsebf the Oz kernellanguage Statement
sequencearereducedsequentiallyinsideathread.All variablesarelogic variablesdeclaredn anexplicit scopede-

ned by thelocal statementValues(recordshumbersegtc.) areintroducedexplicitly andcanbe equatedo variables.
Proceduresare de ned at run-time with the proc statementand referredto by a variable. Procedureapplications
block until the rst amgumentreferences procedurename. Theif statementle nes a conditionalthat blocksuntil
its conditionis true orfalse in thevariablestore. Threadsarecreatedexplicitly with thethread statementEach
threadhasa uniqueidenti er thatis usedfor thread-relate@dperations.

In thefollowing sectionwe aregoingto beusingabit of syntacticsugarto make programseasietto read.We will
do soby consideringhat:

proc {..} .. in .. endisequvalenttoproc {.} local .. in .. end end.

fun {F V1 V2 .. Vn} <Stm> <Exp> end isequvalenttoproc {F V1 V2 .. Vn R} .. <Stm>
R=<Exp> end, where<Exp> is anexpressiorrepresenting valueand<Stm> is ary statement.

fun {..} .. in .. endisequvalenttofun {..} local .. in .. end end.

Procedurearevaluesin Oz. Thismeanghatavariablemaybeboundto a procedureln particulay we have thatproc
{X V1..Vn}.. end is equialentto X=proc {$ V1..Vn}... end, wherethe RHS s a procedurevalue.

4 Implementation of Reatability

4.1 CP(Graph)

CP(Graph)introducesa new computatiordomainfocussedn graphsncludinga new type of variable,graphdomain

variables,aswell asconstraintsover thesevariablesandtheir propagatorg3, 4]. CP(Graph)alsointroducesnode

variablesandedgevariables andis integratedwith the nite domainand nite setcomputatiordomain.
Thekernelconstraintof CP(Graphjre:

N odeqG; SN): SN is thesetof nodesof G.
Edges(G; SE): SE is thesetof edgesf G.
EdgeNoddgE; Nj;Ny): theedgevariableE is anedgefrom nodeN; to nodeN,.

Consisteng techniqueshave beendeveloped,graphconstraintshave beenbuilt over the kernel constraintsand
globalconstraintdhave beenproposed CP (Graph) hasalsobeenimplementedn Oz [4].



4.2 Implementing CP(Graph) using messaggassing

In [10], we re-implementegbartof CP(Graph)usinga MessagePassingapproachfor implementingour Reahabil-
ity propagatar We focussedon graphvariablesand provided the following implementationof the two rst kernel
constraints:

{G incN(N)} resultsin NodegG;SN)" N 2 SN

{G exN(N)} resultsin NodeqG;SN)”* N 62SN

{G incE(E)} resultsin Edges(G;SE)" E 2 SE

{G exE(E)} resultsin Edges(G;SE) " E 62SE

{G isN(N B)} resultsin NodeqdG;SN)” (B =true_B =falsey” (N 2SN $ B = true)
{G isE(E B)} resultsin Edges(G;SE)” (B =true_B =false)* (E2 SE $ B = true)

Additionally, in our implementation{G stream($)} is the streamthat containsthe messageassociatedvith
theconstraintghathave beenimposedon G. So,if we haveimposedhe constraints:

{G incN(1)} {G incN(2)} {G exE(1#2)} {G incE(2#1)} {G exN(3)}
thepartialvalueof S would be:

incN(1)[incN(2)|exE(1#2)|incE(2#1)|e XN(3)|

4.3 Pruning of Readability

Theskeletonof theimplementatiorof Readability is shovn in Figure5. In theimplementatiorof Reahability there
aretwo basiccomponentsa setof alreadyprovided FS/FDpropagatorsinda global (userde ned) propagatarln this
section,we will elaborateon the differentpropagatorghat constituteReadability by referringto the pruningrules
thatthey implement.

NoticethatCreateGlobalPropagator createsanagentwhosebehaior is de ned by thefunctionNextState
The agentceasedo exist when encounteringhe messagealetermined  in the stream. determined  signalsthe
determinatiorof thegraphvariable.G is determinedvhenits lower boundis equalto its upperbound(i.e. min (G) =
max(G)). Thedeterminatiorof G impliesthatno messageomesafterdetermined

4.3.1 Transitiveclosure of ReachabilityRules13and14)

%%For every potential node | of G
*1*/ {FD.impl ({FS.card RN.I} >: 0) {G isN(I 9$)} 1}
¥2*]  {FD.impl {G isN(I $)} {FS.reified.isIn I RN.I} 1}

Statement imposesanimplication betweerthe cardinalityof RN.I beinggreateithan0 andthepresencef | in
G. l.e.,anodeshouldbe partof thegraphin orderto reachanothermne.

Statemen® imposesanimplication betweenthe presencef | in Gandl reachingitself. This is becausevery
nodeof Greachestself.

[*3*  Ss={G sucs($)}

%%For every potential pair of nodes <I,J> of G
4%/ {FD.impl  {FS.reified.isIn J Ss.l} {ReifiedSubSet RN.J RN.I} 1}

Ss.| isthesetof successorsf | . As thesevariablesarealreadypresenin theimplementatiorof graphvariables,
we simply make the correspondin@ssociationbetweerthosevariablesandSs(Statemen8).
Statementt imposesanimplicationbetween] beingin Ss.I andRN.J beingasubsebf RN.I .



proc {Reachability G Source RN CN BE}

proc {CreateGlobalPropagator G Source RN CN BE}
fun {NextState state(graph:G) Msg}

end
proc {ProcessMsgs state(graph:G) Stream}
case Stream of
determined|_ then
%%End of message processing
[ Msg|RestStream then
{ProcessMsgs {NextState state(graph:G) Msg} RestStream}
end
end

thread
{ProcessMsgs state(graph:{MakeCompleteGraph NumNodes}) {G stream($)}}
end
end
in
for | in 1.NumNodes do
%%Unary propagators

for J in 1.NumNodes do
%%Binary  propagators

end
end
{CreateGlobalPropagator G Source RN CN BE}
end

Figure5: Skeletonof Reachability

4.3.2 Pruningtheupperboundof RN (i) (Rulel7)

We rst have to ensurethat, for every | thatis alreadyknown to belongto G, RN.I getsdeterminedvhen! hasno
Successors:

%%For every potential node | of G
*5* {FD.impl
({FS.card RN.I} >: 0)
{FD.impl  ({FS.card Ss} = 0) ({FS.card RN.I} = 1)}

1}
We alsohave to ensurghat! only reachestself andthe nodesthatits successoreeach.Thefollowing statement
doesthat:

[*6*/ local
fun {Accumulate Sets J}
if N=J then S={FS.var.decl} in
/*8*/ {Select {G isInEdge(I#J $)} RN.J FS.value.empty S}
S|Sets
else Sets end
end
[*7*/  SucSets={FoldL Nodeslds Accumulate nil}
/*9*/ ReachedNodes={FS.unionN {FS.value.singl 1}|SucSets}
in

/*10*/ {Select ({FS.card RN.I} >: 0) ReachedNodes FS.value.empty RN.1}



end

SucSets , de ned in Statemen?, is boundto the setsof nodesreachedy the successorAs we may notknow a
priori whetherJ is goingto be successoof | , the correspondingets is a setthatis eitherthe emptyset(in casel is
notasuccessorr RN.J . Thisrelationis imposedby the applicationof Select

proc {Select Cond S1 S2 S3}
{FS.subset S3 {FS.union S1 S2}}

{FS.subset  {FS.intersect S1 S2} S3}
thread
or Cond=1 S3=S1 [] Cond=0 S3=S2 end
end
end

Dependingon Cond, Select bindsS3 to S1 or S2. Moreover, asS3 is eitherS1 or S2, Select constrainss3 to
have only theelementghatS1 andS2 have andto includethe elementghatS1 andS2 havein common.

Statementl0 is the one that actually constrainsRN.I to be the setcontainingl andthe nodesreachedby the
successorsf | . However, thisis doneon the conditionthat! is anodeof G(i.e.,({FS.card RN.I} > 0)).

Thisis all whatis neededor pruningagraphwithoutcyclessincethe setsof reachehodesof theleavesgetbound
becaus®f Statemenb, andthis informationis propagatedo thecorrespondingredecessdrecausef Statement0.

However, if G hascycles, the reachednodessetsdo not get determinedeven if G is alreadydetermined. For
instance supposéhatthe lower andupperboundof Gis graph(1:[2] 2:[1])) andthatthe potentialsetof nodes
is f1;2; 3g. The propagatorsabose mentionedwill basicallyconstrainRN.1 to be equalto RN.2 (andRN.3 to be
the emptyset). Additionally, dueto Statementl and2, nodesl and?2 getinto the lower boundof RN.1 andRN.2.
However, no propagatoremoves3 from the upperboundof neitherRN.1 norRN.2.

Theupperboundof eachreachehodessetis updatedn thetransitionfunctionof theglobal propagatoof Read-
ability:

fun {NextState state(graph:G) Msg}
case Msg of exE(N1#N2) then
/*11*/ NewG={RemoveEdge G N1#N2}
in
/*12*/ {FS.subset = RN.N1 {FS.value.make {DFS.reach N1 NewG}}}
/*13*/ {UpdateCutNodes CN Source NewG}
/*14*/  {UpdateBridges BE Source NewG}
state(graph:NewG)
else
state(graph:G)
end
end

Theinternalstateof theglobalpropagatois theupperboundof G. Eachtimeanedgeis removed,thisupperbound
is updated StatementL1l) andsoarethe upperboundsof the reachechodessetsaffected(Statemenii2). Noticethat
it is enoughto updatethe reachedhodessetof the origin of the edgeremoved (N1) sincethe restwill be doneby
StatemenflO. Noticethat RN.N1 is updatedby imposingthat RN.N1 is a subsetf the nodesreachedby N1 in the
upperboundG.

4.3.3 Discoveringcutnodes

We have to startby keepingtrack of the cut nodesbetweerthe sourceandeachothernode(CN.I ). As the setof cut
nodesmay changewhenan edgeis removed, we updateCN.I eachtime an edgeremoval takes placeby invoking
UpdateCutNodes  (Statement3). Noticethat,in this statementye aretaking careof Rule 18 2.

/*15*  {FD.impl  {FS.reified.isIn I RN.Source} {ReifiedSubSet CN.I' RN.Source} 1}

[¥16*/ {FD.impl  {FS.reified.isIn J RN.I} {G isN@ $)} 1}

1we presenthealgorithmsthatwe usefor computingcut nodesandbridgesin [10]. Thesealgorithmsarebasecbn DFS[10].



In orderto performthe pruningof rules15and16. We imposeanimplicationbetween belongingto RN.Source
andCN.l beingasubsebf RN.Source (Statemeni5),andbetween) belongingto RN.I andJ belongingio thenodes
of G(Statementi6). In fact, this laststatemenalsotakesthe pruningperformedby rules20 and21 into account.An
exampleillustrating the pruning performedby thesestatementss shavn in Figure6. In this examplewe imposethe
constrainthatnodel shouldreachnode9. As 5 is a cutnodebetweenl and9, 5 is includedin Gandforcedto reach
9. Additionally, 1 is constrainedo reachb.

Figure6: Discoveringcutnodes

4.3.4 Discoveringbridges

Asin thepreviouscaseBE.| is updatedeachtime anedgeremoval takesplaceby invoking UpdateBridges  (State-
ment14).

*17*  {FD.impl  {FS.reified.isIn I RN.Source} {ReifiedEdgesinGraph BE.I G} 1}

We imposeanimplicationbetween belongingto RN.Source andthebridgesbetweerSource andi belonging
to theedgesf G (Statementl7). This statementaoversthe pruningof Rule 22 into account.An exampleillustrating
the pruning performedby this statements showvn in Figure7. In this examplewe imposethe constrainthatnodel
shouldreachnode5. This constrainis enoughto determinghe only pathbetweerl and5.

Figure7: Discoveringbridges

4.4 Batch propagation

In the previous implementationwe computecut nodesand bridgeseachtime an edgeis removed. This certainly
leadsto a considerablyamountof unnecessargomputatiorsincethe setof cut nodes/bridgesvolvesmonotonically
Anotherapproacthis to considerall the removalsat onceandmake onecomputatiorof cut nodesandbridgesper set
of edgesremoved. This optimizationcanbe implementedoy addinga concurreniprocesdo the implementatiorof
graphvariables.Thetaskof this processs to batchtogethethe messageaccordingo theirtypes(asshavn in Figure
8). In this way, the transitionfunction of the global propagatonf Reathability will considerall the edgeshathave
beenremovedatonce:

fun {NextState state(graph:G) batch(exE:Es m)
if Es==nil then state(graph:G)
else
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Figure8: Building batches

Figure9: SimpleBridge Discovering

NewG={RemoveEdges Es G}

{UpdateRNs Es NewG}
{UpdateCutNodes CN Source NewG}
{UpdateBridges BE Source NewG}
state(graph:NewG)
end
end

In fact, this transitionfunctionis very similar to the previous one. The only differentthing is thatNewGis consid-
eringall thenodesthathave beenremoved.

Statemen6 is a cheapway of computingbridgeswhenthereis no cycle. Noticethat,in the situationof Figure9,
thepruningperformedby Statemen6 is enoughfor discoveringthe bridgesbetweemodel andnode6. However, the
global propagatorlsodiscoversthis information. The pointin having this redundang in propagatioris that, thanks
to thefactthatthe expensve propagatoworkson batchestherearecasesvherethe expensive computatiorof bridges
is notactivated.Supposefor instancethatdiscoveringthebridgeh2; 4i raisesafailurebecausé is notreachedy 2.
Thisfailureis discoveredby the cheappropagatoandthe expensve oneis not activated.

5 Conclusionand futur e work

We presentedhe implementatiorof Readability, which hasbeenimplementedusinga messag@assingapproach
on top of the multi-paradigmprogramminganguageOz [7]. We shavedhow the useof FSvariablessimpli ed the
implementatiorof mostof therules.

In theimplementatiorof Readability we distinguishedwo basiccomponentsa setof alreadyprovided FS/FD
propagatorandaglobal (userde ned) propagatarWe shavedtheglobal propagatoasanagentthatreadsmessages
from a streamgeneratedby the graphvariableon which Reatability is applied.

We presented cheapway of discovering bridgesbasedon FS pruning. After introducingour implementatiorof
Bath propagatiorusing messagassingwe explainedwhy this canplay animportantrole in the reductionof the
computatiortime.

From our obsenrationsin [10], we infer that the suitability of Readability is basedon the strongpruning that
it performsandthe informationthatit providesfor implementingsmartdistribution strat@ies. We alsofound that
Readability is appropriatefor imposingdependenciesn nodes.Certainly we still have to seewhetherour conclu-
sionsapplyto othertypesof graphs.

Our experimentsin [10] also show that the appropriatenessf Readability is increasedwith the presenceof
optionalnodes.Thisis basicallybecauseve arenolongerableto applytheglobal AlDiff propagatoonthesuccessors
of thenodessincewe donotknow apriori whichnodegarticipaten thepath. However, thecomplexity of theproblem
tendsto increaseawith the numberof optionalnodesif they areuniformly distributed.
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It is importantto remarkthatboththe computationof cut nodesandthe computatiorof bridgesplay an essential
role in the performanceof Readability. Thereasons thateachoneis ableto prunewhenthe othercannot. Notice
thatFigure6 is a context wherethe computatiorof bridgescannotinfer anything sincethereis no bridge. Similarly,
Figure7 represents context wherethe computationof bridgesdiscorersmoreinformationthanthe computationof
cutnodes.

A drawbackof our approacthis thateachtime we computecut nodesandbridgesfrom scratch sooneof our next
tasksis to overcomethis limitation. I.e., givenagraphg, how canwe usethe factthatthe setof cut nodesbetweeni
andj is s for recomputinghe setof cut nodesbetween andj aftertheremoval of someedges?.

Theimplementatiorof Readability wassuggestedby a practicalproblemregardingmissionplanningin the con-
text of anindustrialproject. Our future work will concentraten making propagatordike Readability suitablefor
non-monotonienvironments(i.e., environmentswhereconstraintcanbe removed). Insteadof startingfrom scratch
whensuchchangesake place whatwe wantis to usethe pruningpreviously performedn orderto repairthepruning.
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